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PREFACE. 



About five years ago, the author of the following pages 
Suggested, how advisable it would be, to draw up a treatise, 
confined entirely to the modem method of Trilinear Coor- 
dinates, and inasmuch as many complaints had been made, 
that the valuable Treatises already published on Analytical 
Geometry, contained only confused and incomplete chapters, 
made up of brief investigations of the beautiful methods 
adopted in that system; he presumed to take upon himself 
the task; but, upon the eye of. the manuscript being com- 
pleted, he was anticipated by the announcement of a work 
of the kind by the Rev. N,*. M. Ferrers. 

The ** desideratum*' thSu^. being in such able hands, the 
author at once relinquished the* publication of his compi* 
lation; but having since been solicited to draw up a collec- 
tion of examples contained in the original manuscript, with 
hints, results, and occasional solutions; he has ventured to 
ofier the result of his labours to those students who feel 
an interest in this subject, introducing such questions of 
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a new character as may occur in some of the most useful 
existing periodicals, so remarkable for their valuable and 
original contributions. 

The author can therefore only advance this apology to 
Mathematical students for laying before them this produc- 
tion, and trusts that while they may indulge him, by not 
scanning with too critical an eye, any unavoidable inaccu- 
racies; they will, at least, give him some small share of 
credit for having made an attempt to attract the attention 
of the aspiring student to a valuable and interesting branch 
of the science, which has lately been the subject of deep 
research by many of the most able Mathematicians of the 
present day. 



CONTENTS. 



CHAPTER I. 

t Page 

ElampleB on the straight line referred to Trilineat Coordinates . 1 

Examples on the method of Determinants 23 



CHAPTER n. 

Examples on the equation of the Second Degree referred to 
Trilinear Coordinates « 28- 



CH AFTER UL 
Examples on Tangential Coordinates. ...«.«.... 88 

CHAPTER IV. 
Examples on Qoadrilinear Coordinates ....«.«.«. 96 

CHAPTER V. 
Examples on Triangular and Tetrahedral Coordinates .... 100 

CHAPTER VL 
Examples on << Reciprocal Poles and Polara^' 104 



Vm CONTENTS. 

CHAPTER Vn. 

Page 
Miscellaneous Properties extracted from the Metsenger of Mathe- 
matics and other resources 108 

CHAPTER VIIL 
Appendix »..,,,,,., 112 



CORRIGEM)A. 

Page 2, line 15, instead of a' ^ and a"/3" read a'^'y\ a!'^"y", 
" 22, " 14, " diagonal read quadrilateral. 

" 31, " 23, " tcja + t;a« - 'hi ah read vh^ + z;a« - 2w'ab, 
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CHAPTEE I. 



EXAMPLES ON THE STBAIGHT LINE BEFEBRED TO 
TBILINEAB OOOBDINATES. 

1. The Triangle of Reference. 

In the Cartesian theory the position of a point is deter- 
mined by means of its distances from two giyen straight lines 
called coordinate axes, but in the trilinear theory the point is 
determined by the ratios of its distances from three given 
straight lines in that plane 'which do not pass through the 
same point. These three lines form a triangle which is called 
the Triangle o/Beference, 

2. If P be any point situated in a plane referred to two 
straight lines AO and OB, where the perpendicular distance 
of P from ^ is a, and the perpendicular distance of P from 
J90 is /3, the equation to OP will be represented by 

according as P is considered outside of the acute angle at 
or inside. 

3. By means of the last, prove that the angular bisectors of 
any triangle pass through the same point. 

B 
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4. If a, ^, ry represent the trilinear coordinates of any 
point within the triangle of reference, of which A represents 
the area, 

Proye this in all its various cases. 

5. If Oi)3i7i, '^2^2^% ^® t^6 coordinates of two points, r the 
distance between them, 

^ - (A " P%y + (71 - 72)' + 2 03i - Pt) (71 - 72) cos A 

sin"^ 

6. Shew also that 

*^ " 4A« ^^ cosidi («! - o,)» + 5 cosJ? (^1 - fty + c COS C (7i - 72)*}. 

7. The general equation to a straight line may be put 

under the form 

U + mp + W7 = 0. 

* 

8. The equation to a straight line passing through two 
giyen points a'P and a"/3" is v 

a iPi' - y/JT') + p (Yo" - 7"a') + 7 (a'^' - a"pf) = 0. 

9. If /a + wij3 + n7 - and /'« + m')3 + n'7 = be the equa- 
tions to two lines, then will the equation to the line passing / 
through their point of intersection be 

/a + mj3 + W7 = ^ {Va + m*p + n'7), 

where ^ is an arbitrary constant, 

10. The condition that three points whose coordinates are 
respectively «i)3i7ii <^s7t> °a/^37s may lie on the same straight 
line is ^ 

a A73 - o A72 + «a^87i - «A78 + « A72 " «A7i = 0. 

11. If o = 0,j3 = 0, 7 = represent the three sides of a 
triangle respectively, shew that the sides of any triangle which 
has one angle on each side of the former may be represented by 

o + na + ^ = 0, - + /3 + ?7 = 0, ma + 9 + 7 = 0, 

where /, m, n are arbitrary constants. 
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Shew also, that if the lines joining corresponding angles of 
) two triangles pass through the same point 



Imn = - 1. 

12. The three equations to the lines joining the angular 
points with the middle points of the opposite sides are 

a smA - p sinJ? a 0, 
p %mB - 7 sinC = 0, 
7 sinC - a sin^ = 0. 
Hence these three lines intersect in the same point, 

13. The equations to the three perpendiculars let fisdl from 
the angular points of a triangle upon the opposite sides are 

a cos^ - p cos J5 =» 0, 

p cosJ5 - 7 cosC = 0, 

7 cosC - a cos^ = 0. 

Hence these three lines intersect in the same point 

14. The condition that two straight linesi whose equa- 
tions are 

la + mp + W7 = 0, 

and Va + m'p + n'7 = 0, 

may be parallel to one another, is 

{rnn' - m'n) %mA + {nV - /nO sin J5 + Qm' - Vm) sinC = 0. 

Note, If two lines be parallel to each other, their equations 
differ only by a constant. 

Thus, if 7 s be the equation to the third side of a triangle, 
the equation to a line through C and parallel to AB will be 

a sin^ + ^sinJ9=:0. 
For since the line will be represented by 

7 + h{a sin^ + p sin.8 + 7 sinC) a 0, 

B2 
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loj' 7 =»-« 811^-5; 



when = 0' 

therefore asin^ + /38inJ9 = 

is the equation required. 

Again, if E and J^ be the middle points of the side ABC 

of any triangle, the equation to EF may be foimd from the 

equation 

a + ^ (a sin^ + p sin J5 - 7 sinC) = 0, 



2 



7 = 

« = ---' sm^ 
2 



, ^ = . 



2 sin^ 



Therefore^ for EF^ we have 

- a sin^ + p sin J5 + 7 sinC = 0. 

15. The condition that the straight line represented by 

la + m/3 + W7 = 
may be perpendicrular to the line represented by 

Va + m'P + »'7 i= 
is U -^ mm' + nn* 

= (m'n + mn*) cos^ + (^n + n't) cos J? + (?'m + m'l) cosC. 

16. The three perpendiculars from the middle points of the 
sides of a triangle will be represented by 

P sin J? - 7 sinC + o sin(J? - C) = 0, 
7 sinC - a sin^ + p sin(C7 - ^) = 0, 
a 9xnA - p sinJ5 + 7 8in(^ - J?) = 0. 

Note. If we multiply these three equations respectively by 
sin 2 A f sin 2B, and sin 2 C, 

we find, by a little redaction, their sum will vanish. 
Therefore, the three lines will intersect in a point. 



^ 
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17. The inclinatioii between two straight lines, whose 
equations are 

la + m/3 + n7 = 0, 

and f « + tn'P + w'7 «* 0, 

will be determined by 

,^ (mn' - ntn!) Bin A -f (/^n - nfl) sin J? + (?m^ - fm) sin C 



stan" 



Cor. 1. If ^ - ^ ^ •- , which is the inclination when the 

lines are perpendicular to each other, we haye 
/^ + mm* + wn' 

- (m«' -i^m'n) cqbA - (^n + n'f) cos£ i (/in' + I'm) cosC= 0, 

Ck)R. 2. If ^ - ^ == the lines will be parallel and 

(mnf - nm') sinA + (In - n'/) sb-B + (/m' - fm) sinC= 0. 

18. The perpendicular distance of a giyen point a'p^r^ from 
the straight line whose equation is 

la + mp + 117 



is *=s 



fo' + i»/3' + w*/ 



{I" -f m* + n* - 2wn cos^ - 2nl cosB - 2lm cosCji ' 



19. A straight line through a = 0, j9 = 0, and perpendicular 
to the line represented by ^ = 0, will be determined by 

a + ^cosC=0. 

20. If a straight line DB cuts the sides AB and AC^ its 
equation will be of the form 

la + mp + n7 = 0, 

and if another line perpendicular to this line.be drawn through 
A^ its equation will be 

(/ cosJ? + m cos^ - n) )3 - (I cosC- m-^tn oos^) 7 » 0. 

B3 
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21. If AO, BO, and CO be the lines joining the angular 
points of a triangle and the center of the circumscribing circle, 
their equations will be 

for -40 /3 cosC - 7 cos J? = 0, 
BO 7 cos^ - « cosC = 0, 
CO a co&B- ficosA^O. 

Cob. The given condition is that these three lines pass 
through the same point. 

Multiply the first equation by cos^, the second by cos^, 
and the third by cosQ we find, by addition, that their sum 
yanishes; hence they pass through the same point. 

22. The equation to the lines passing through the centre 
of the inscribed circle perpendicular to the side of the triangle 
whose equation isasO, j3 = 0, 7 = will be respectively 

a (COSC- COS^) + /3 (1 + C08J5) - 7(1 + cosC) = 0, 

a (1 + cos^) + p (cosC - cos^) - 7 (1 + cosC) = 0, 

- o (1 + cos^} + /3 (1 + cos-B) +7 (cos^ - cos-B) = 0. 

23. The equation to the line passing through the centers 
of the inscribed and circumscribed circles will be 

a{coQB - cosC) + |3 (cosC- cos^) + 7 (cos^ - cos-B) = 0. 

24. The equation to the line joining A with the point in 
which the line bisecting the angle C meets a line through the 
point B and parallel to CA is 

/3 sin^ + 7 sin (7= 0. 

25. If ABC be a triangle, AO, BO, CO the lines joining 
the angular points and the center of the circumscribing circle, 
shew that the equations of the following lines will be 

^for AO parallel to BO is fi cosC + 7 cos(^ - C) = 0, 

BH CO ... 7 cos^ + o cos(^ - ^) = 0, 

CK AO.:.a cos-B + /3cos(J?-C) = 0, 

AL CO ... /3 cos(^ - 5) + 7 cos^ = 0, 

BM AO..,r^ cos(^-C) + a cosC =0, 

CJSr BO ... a cos{A -C) + p GoaA = 0. 
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26. The equations to the three sides of the triangle formed 
by joining the feet of the perpendiculars let fall from the 
angular points upon the opposite sides are respectively 

o cos ^ + j3 cos -B - 7 cosC = 0, 

j3 cos -B + 7 cosC - a cos ^ a= 0, 

7 cosC + a cos ^ - /3 cos J5 « 0. 

27. The equations to the three sides of the triangle formed 
by joining the middle points of the three sides of a triangle 
are respectively 

a sin ^ + j9 sin ^ - 7 sinC = 0, 

/3 sin ^ + 7 sinC - a sin^ = 0, 

7 sinC + a sin ^ - j3 sin J5 = 0. 

28. If lines be dra^wn through C, A^ and B^ viz. CR, 
APf BQ respectively parallel to D£, £F, and i>i<* their equa- 
tions will be 

for Cfi a sin^ + )3 sin-B = 0, 

AP j3sinJ5 + 7 sinC =0, 
BQ 7 sinC + a sin^ = 0. 

29. In question 26 apply the property of question 11, viz. 

Imn = - 1. 

30. Let there be two inscribed triangles to a primary tri- 
angle, the one formed by joining the middle points of the sides 
of the primary triangle, and the other by joining the feet of 
the perpendiculars from the angular points of the primary 
triangle upon the opposite sides; then, if lines be drawn 
through the angular points of the primary triangle parallel 
to either of the inscribed triangles, these lines will meet the 
sides of the other inscribed triangle produced, in three points, 
which points will range in the same straight line. (Vide 
Remarks on this Chapter). 

Making use of the same notation as in 26, 27, 28, if P, Q, 
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and jR be the points where the three pairs of lines meet, the 
equation to the line through F, Q, and It will be 

a COS^ + /3 cos ^ + 7 C08C= 0. 

31 • The equations to the three sides of the triangle formed 
by joining the intersections of the angular bisectors with the 
opposite sides will be respectively 

o + )3 - 7 = 0, 

j3 + 7 - a = 0, 

7 + a - )3 = 0, 

Note. The property of No. 11 may be applied to this 
theorem. 

32, The three points of intersection, yiz. (1) the intersec- 
tion of the perpendiculars let fall from the angular points of 
a triangle upon the opposite sides, (2) the intersection of the 
lines which join the angular points with the bisections of the 
opposite sides, and (3) the intersection of the perpendiculars 
on the sides of the triangle at their middle points range in the 
same straight line whose equation will be 

a sin2^ . sin (^ - C) + ^ sin2^.sin (C- ^) 

+ 7 sin2C. sin(-4 - J?) = 0. 

33. If the three lines which join the angular points of 
a triangle with the center of the circumscribing circle repre- 
sent in magnitude and direction three forces, the resultant 
force will be represented in magnitude and direction by the 
line which joins the center af the circumsmbing circle with 
the intersection of the three perpendiculars let fall from the 
angular points on the opposite sides. 

Let ABC be the given triangle, O the center of the cir- 
cumscribing circle, the resultant of AO said BO will be the 
diagonal of the parallelogram AOBO, and OG by construc- 
tion is perpendicular to AB, and if M be the intersection of 
perpendiculars let fall from the ai^gular points upon the op- 
posite sides, we have OQ evidently parallel to CB* 
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Now if i2Gf be parallel to CO, then OECO will be a 
parallelogram and EO will be its diagonal, and therefore the 
resultant required of the forces CO and OQ, %.e, of CO^ AO, 
and BO. 

Now the equation of BG can be shewn to be 
a COB A . sin'^ - /3 cos J9 . sin*J9 

- 7 cos"C. 8in(^ - ^) - (1). 

Now to decide whether EO is parallel to CO, the question 
will be required to find the equation to the line through 22 
and parallel to CO, the resulting equation will be 
a COB ^ . sin*^ - fi cobB. 8m*B 

- 7 C08*C.sin {A-B)^ (2), 

which is identical to (1) and represents BQ, 

Hence, we conclude, that BGOC is& parallelogram whose 
diagonal is OB ; this distance enunciated is the resultant force 
in m^nitude and direction of three forces AO, BO, CO. 

34. If ABC be any triangle and O be any point whatever 
in it, if through this point O the lines AD, BE, and CF be 
drawn to the opposite sides, a new triangle will be formed, 
viz. DBF. Let DF be produced to meet CA in B, EF pro- 
duced to meet BC m Q, and DE produced to meet AB in P, 
then will P, Q, B range in the same straight line. {Vide 
Bemarks on this Chapter). 

If we use the same notation as in question (11), we shall 
find the equation to the line through P, Q, B 

« - n/3 + nkj = 0. 

Gob. 1. If this new triangle be formed by joining the 
middle points of the sides of the primary triangle, the line 
through P, Q, B will be 

a sin^ + /3 sin J5 + 7 sinC= 0. 

Cob. 2. If this new triangle be formed by joining the 

points where the feet of the perpendiculars from the angular 

points meet the opposite sides, the line through P, Q, JR 

will be 

a cos ^ + ^ cos J? -f 7 cosC = 0. 
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Cob. 3. If the triangle be formed by joining the points 
vfheie the angular bisectors meet the opposite sides, the line 
through P, Q, R will become 

o + /3 + 7 = 0. 

35. The equation to the line drawn parallel to BC through 
the center of the escribed circle which touches BC, is 

(o + /3) sin J? + (o + 7) sinC= 0. 

36. It will be sometimes useful to find a form for the 
interior angles of the three following systems of triangles : 

(1) Of the triangle formed by joining the middle points of 
the sides of the triangle of reference. 

(2) Of the triangle formed by joining the feet of the per- 
pendiculars let fall from the angular points upon the opposite 
sides. 

(3) Of the triangle formed by the points of intersection 
being joined where the angular bisectors meet the opposite 
sides. 

In each of the foregoing cases ABC is the triangle of 
reference and DEF the new triangle formed, and haying 
recourse to the formulsB of (17), we get 

(1) which is self-eyident, angle EDF^ A, 

BEF^B, 

EDF^ C. 

(2) tanJ^i>iy'=tan2^, 

(Vide Educational Times, Dec. 1859, p. 258). 



M^x ^-TN -^ 2 fsin B + sinC) 
(3) tan^2>J?^= \ \i / . 
^ ' l + 2cos^ 



37. Prove that the equation to the straight line passing 
through the middle point of the side BC of b. triangle, and 
parallel to the external bisector of the angle A, is 

/3 + 7 + ^(8inJ5 + sinC) = 0. 
2 
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38. If a = and /3 « be the equations of two straight 
lines, and a parallelogram be formed by drawing straight lines 
parallel to these at distances a, b respectively, find the equa- 
tions of the diagonals 

ah - fia^O and ah-{- fia- ah = 0. 

89. If a = 0, /9 = 0, 7 = be the equations to the sides of 
a triangle, shew that the equation to the line which joins the 
middle point of AB with the point of intersection of the lines 
which bisect the angles BA C, ABCia 

aa - &/3 - (a - 6) 7 = 0. 

40. From the angles ABC of any triangle are drawn three 
straight lines AA', BB', CC bisecting the angles, through 
At B, C are drawn three straight lines perpendicular to 
AA% BB, CC to meet BC, CA, and AB produced in Q, 
Hf K; then will G, JET, K range in the same straight line. 

The equation to that line is 

a + /3 + 7 = 0. 

41. In the opposite sides of a trapezium any two points 
Jtf, N are taken; the intersections of diagonals J?2>, AC; of 
the pairs AN, DM, and of BN, CM range in the same 
straight line. 

Let ABCD be the trapezium. 
Take M in AB and N in DC. 
Produce AD and BC to meet in -F. 
Join BD, AC, AN, DM, BN, CM. 
Take ABF as the triangle of reference. 
The line required in the enunciation will be of the form 
hma. + (hm - ^) n/3 + \ln (hm - A;) + A} 7 = 0, 
hklmn are arbitrary constants. 

42. Let MD and BN, also AN and MC be produced 
respectively, the line which passes through their point of in- 
teraction will pass through a fixed point. 

Let MD and BN be produced to meet in P, 
^jy and MC Q. 
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The line through P*Q^ is {k- km) a - Amn/3 = 0, which evi- 
dently passes through F, since ABF has been taken as the 
triangle of reference. 

Therefore J^ is a fixed point and FFQ range in the same 
straight line, 

43. The sides of a triangle ABC are bisected forming a 
new triangle A^^ J?i, C^ which is treated in the same way, and 
so on n times ; if a, /3, ry be the perpendiculars from a point 
(xy) on the sides of the triangle ABC^ shew that the equation 

^ sin ^ + 7 BinC= gs-j-pjp 

represents the line B^C^. 

(1) Whenn=:2, (2) Generally. 

It is quite evident from question (27) that we shall have 

for B^C^ 

-*o sin -4 + /3 sin J5 + 7 sinC= (1), 

and if 0^/3^7^ be the perpendiculars from a point (ory) upon it 



a, = 



_ o sin-4 - /3 sin J? - 7 sinC 



^" 2sin^ 

Similarly ^ ■ « ain^ -f ^ sin J -7 sinC 

, _ ~a sin^ -j8 8 in^ + 7sin(7 

'^^" 2sinC • 

Substituting these values in (1), we get, for B^C^ 

- 3a sin -4 + /3 sin J5 + 7 sinC= (2); 

and similarly, we get 

3a sin^ - ^ sin -B - 7 sinC 



«2 



4 sinui 



- a sin ^ + 3/3 sin ^ - 7 sinC 
^■" T^B ' 

- g sin^ - /3 sin jg -{• 37 sinC 

'^^ ° 4 sine ' 

therefore, for B^C^ 

- 6a sin^ + 3/3 sin J5 + 37 sinCe (3). 
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By suocessiye inferences, the coefficients of -a sin ^ (ue, 
numerically speaking) are of the order 

5 11 21 43 „ 

' ' 3' 6"' IT' 21' 
Hence, for B^C^, 

fi BmB + 7 8inC= ^H-j-p^sin^. 

44. If tt + r + w - 2tt' cos-4 - 2©' cos J5 - 2m^ oosCs 0, 

then the equation 

lia* + r/8* + tTT* + 2tl'/37 + 2t/7a + 2u/afi = 

wiU represent two straight lines at right angles to each othen 

45. If a, fiy 7 he the trilinear coordinates of a point; a, b, e 
the sides of the triangle of reference, and p, q, r the perpen- 
diculars from the angles on any straight line, prove that the 
triHnear equation of that line is 

apa + bqp + cr7 = 0. 
(Mr. Miller, Educational TifMa, Nov., 1861). 

46. The perpendicular from any point on a right line may 
be represented by 

* " in (^" + ^/3 + cr7). 

47. The middle points of the three diagonals of a complete 
quadrilateral range in a straight line. 

Let the quadrilateral be BCDE. AH, DB, and EC the 




^ F 

three diagonals* Let ABC be the triangle of reference. It 



14 EXAMPLES ON THE STRAIGHT LINE 

will be readily seen that the lines joining the middle points of 
the sides of the triangle ABCinli respectively bisect the three 
diagonals. 

Now we can represent DE by 

la + mfi + «7 = 0. 

Hence for AH m/8 + 117 = 0, and for GH - oa + 6/3 + 07 = 0, 
JDB fi7 + fc = 0, FH aa^bfi + cri = 0, 

JSC fc +jii/3 = 0, FG ao + 6y3-C7 = 0. 

The equation of the straight line required which contains 
the three points P, Q, JR will be 

{bin + dm - amn) aa 4- {elm + amn - bin) hfi 

+ {amn + bin - elm) C7 = 0. 

48. From the middle points of the sides of a triangle per- 
pendiculars are drawn (all internal or all external) and propor- 
tional to those sides; prove that the straight lines which join 
the angles with the extremities of the opposite perpendiculars 
pass through one point. 

Find the condition that three points may lie in a straight line 

« A7s + «a/5s7i + «A73 - « A72 + «2^i7s + «A7i- 

49. Let the three diagonals of a complete quadrilateral be 
produced to meet each other in three points, and let each of 
these points be joined with the two opposite corners of the 
quadrilateral; the six lines so drawn will meet each other 
three and three in four points. 

50. Let ABC be a triangle, and 3fN a straight line ter- 
minated by AB and A C, and cutting them, and let MN be 
represented by fc + mfi + «7 = 0, shew that the equation to the 
Une joining A with the middle point of MN is 

{ma -lb)p^-{lc-na)'^==0, 

51. Jn the figure constructed for question 49, the four lines 
which meet each other in any corner of the quadrilateral are 
so related that two of them are parallel to the sides, and two 
to the diagonals of some parallelogram. 
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52. On the sides of the triangle ABC, as bases are con- 
structed, three triangles A'BC, AB'C, ABC similar to each 
other, and so placed that 

BA'C=-B'AC=BAC\ CBA^C'BA^ CAB, 

AC'B^A'CB^ACB. 

Prove that the straight lines AA\ BB, CC intersect in 
a point. 

53. If the three sides of a triangle be represented by 
a = 0, y3 = 0, 7 = 0, and the two sides )3 = and 7 = be 
intersected by the straight line represented by ^ -f mj9 + n7 = ; 
shew that if the part of this straight line intercepted between 
)3 =3 and 7 = be bisected by a straight line parallel to the 
side /3 = 0, its equation will be 

? sin ^ . o + (2m sin ^ - / sin J?) )3 + Z sinC 7 = 0. 

64. The equations to the perpendicular from (/, g, K) on 
the straight line ^o + w)3 + n7 = are 

/-mcosC-»cos^ m-»cosil-/cosC n-?cosJB-mcos^ * 

55. If two triangles be such that the intersections of the 
corresponcfing sides lie on the same right Une, the lines joining 
the same, the corresponding vertices meet in a point. 

56. To find the equation to a straight line perpendicular to 
a given straight line, and bisecting that portion of it which is 
terminated by the sides AB and AC of the triangle of re- 
ference, and from the resulting equation, shew that "If the 
middle points of AB and ^C be joined, a perpendicular at the 
middle point of the line so formed will be 

- a 8in^.sin(^ - C) + /3{8in(B - C) - 2 sin^} 

+ 7 {sin (^ - C) - 2 sin^} = 0." 

57. If three straight lines, drawn from the summits of 
a triangle, meet in one point, their respective parallels^ ds^.^^troL 
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from the middle points of the opposite sides, also meet in 
a point 

58. If a = and ^ «= be parallel, shew that, h being an 
arbitrary constant, a -f A;/3 = is parallel to each of them. 

59. Inyestigate what is denoted by the equation 

a sin^ + /3 sin J5 + 7 sinC= 0. 

60. If D, Et F be the middle points of the sides of a tri- 
angle; D', ^, F* the feet of the perpendiculars let fall from 
the angular points, and 2>", E^t F" the intersections of the 
angular bisectors with the opposite sides; shew that perpen- 
diculars at the middle points of EF, E'F\ and E"F" will be 
respectively represented by 

(1) -tt 8in^.sin(5 - C) + jS sin J? {sin (^ - C) - 2 sin^} 

+ 7 sinC{sin(J5 - C) + 2 sin^} = 0. 

(2) aC08-4.sin(J?-C)-i3sinJ?.cos(^- C) 

+ 7 8inC.cos(J?- C) = 0. 

(3) a (2 sin J? - 2 sinC+ sin {B - C)} 

- /3 {4 sin -4 + 2 cosC, sin (-4 - B) 

+ 4 sin ^ . cos J? + 2 sin ^ . cosC + sin E\ 

- 7 {4 sin ^ + 2 cos J?, sin [A - C) 

+ 4 sin ^ . cosC -f 2 sin ^ . cos J? + sinC} <= 0. 

In a subsequent page a general solution of this property 
will be found. 

61. Instead of employing the condition for parallelism as 
in question 17, Cor. 2; it will sometimes much abridge the 
operation by recollecting that, if one straight line be parallel 
to another it will only differ from it by a constant. 

Thus let ABC be a triangle and let the sides AB and A C 
be cut by the line la + m/3 + n7 » 0, which we will call ED 
{vide fig. to question 62, p. 20). 



^ = 0, 7--T~i 
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Draw a line from H parallel to the baqe, then that line will 
be represented by 

a + A; (a sin -4 + )8 sin ^ + 7 sinC) = 0, 

finding out the value of k ; when p = finding the value of 7, 
we have, for the equation to the line required, 

fc sin 5 -I- mp sin B ■{- 1117 sinC= 0. 

Similarly, drawing a line from 2) parallel to the base at 

n 
and we have for its equation 

la sinC+ np smB + fi7 sinC= 0. 

Now let it be required to draw a line through A parallel 
to the line represented by 

h + mp + »i7 = 0, 

Here the line will be represented by 

la + mp + »i7 + A; (a sin -4 + )8 sin ^ + 7 sinC) = 0, 

or a (/ + A; sin -4) + )3 (m + A; sin ^) + 7 (n + A; sinC) = 0, 

when the line passes through A ^ 

(/ + A; sin ^) » : therefore A; = - -: — 7 . 

sm-4 

Hence the equation required will be 

(m sin -4 - / sin ^) )3 + (n sin -4 - / sinC ) 7 = 0. 

Now if MN be the portion of the line represented by 
ht 4 mp + n7 = 0, terminated by the sides of the triangle, viz. 
AB and AC, Then the line joining A with the middle 
point of MN will be the harmonic conjugate of the above 
parallel to this line; its equation will therefore be 

{m BinA-l sin B) p + (I sinC - n sin A) 7 = 0. 

This property and its applications have been fully discussed 
in the Educational Times. 

This property furnishes us with a ready method of shewing 
that the middle points of the three diagonals of a complete 
quadrilateral range in the same straight line. 
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Employing the notation in question (11) : 
In Example 34, let two co-polar triangles be DEF, lyE'F', 
where D and 1/ are opposite to A, in the triangle ABC. 

We have for E'F' a +n'/8 + — ,7 = (1), 

m 

F'Lf^aJ^ ^ + ^7 =0 (2), 

ft 

ly^' w'a+i/8-i- 7 =0 (3), 

and for AP, BQ, CR respectively parallel to JSF, DF, and 

BE, we have 
AP m (n sin -4 - sin ^) ^ + (sin^ - m sinC) 7 = 0...(4), 
BQ n (I sin B - sinC) 7 + (sin B -n khA) a = 0...(5), 
CE I (wsinC -sin-4)a + (sinC -/ sin^)/8 = 0...(6). 

For a line passing through the intersection of AP and E'F, 
or (4) and (1) 

m'a + {mV -I- \mm' (n sin -4 - sin B)} fi 

+ {1 + Xm' (sin A-m sinC)} 7 = (7), 

m {m (n sin .4 - sin -B) /3 + (sin^ - m sinC) 7) ' 

^ /(8in-4 - m sinC) 
^' 8inC-/sin5 * 

/ (m sin C - 8in-4) - Hm' (sin C - / sin B) 
"^^ r(8mC-lsinB) * 

Hence we have, for determining (7), 

X .. 2? 

tn'{l(m sinC-sin-4)-i-ZZ'w(n 8in-4-sinJB)+Z'm'(ZsinJB-sinC)} 

Again, for a line passing through the intersection of 
E'ly and BQ, or (2) and (5), 

{1 + \'n' (sin-B - n sin-4)} « + n')3 

+ {ZV + Wn (Z sin^ - sinC)} 7 = (8), 

^bere X a + n^^ 4 ZV7 

n' {n sinC - Z sin ^j + (n sin ^ - sin ^) a ' 
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subject to the same conditions as in (7), viz, 

^ I {sin A - m sinC) 
^ sinC-^sin^ ' 

/ (m sin C - sin A) - I'mf (sin C - / sin B) 

'^'^ I' (sinC - I sin £) * 

whence 

2r 

V= — . 

lnn\m sin C- sin A) + n (sin C- 1 sin B) + l'n\n sin A - sinB) 

Substituting the value of X in (7) and V in (8), and recollect- 
ing that 

Imn = l^mW = - 1, 

each may be reduced to the following equation of the first 
degree in 0/87; and therefore is the straight line in which 
Pf Q, and It range, viz. 

{l{m sin C- sinA) + llfm (n 8in-4 - sinB) + Fm\l sinB - sin C)]m'a 

+ {lm'n\m sin C- sin A) + lm{n sin A - sinJB) - m\l sinB - sin C)}fi 

+ {-l{m sin C- sin A) + U'm{n sinA - sinB) + M{1 sinB- sin (7)}7=0. 

For other solutions, vide Ex. 74, Mathematician, Vol. n., 
p. 209. The investigation of this theorem by this method is 
rather long, but, it has been introduced here to exhibit the 
system ; it sometimes happens that a geometrical solution will 
turn out the most concise, at other times, the application of 
the Cartesian method, and very often the " trilinear method" ; 
with regard to the last mentioned application, the following 
question can be investigated most effectually by the applica- 
tion of trilinear coordinates, viz. "Prove that the angular 
bisector at C of the triangle ABC will meet the circum- 
scribing circle in the point where the perpendicular at the 
middle point of AB meets the circumference." 

For the investigation of this last theorem, vide Educational 
TimeSf June, 1859, p. 143, Cor. 1. 

^62. In question 56 it has been proposed to draw a line 
perpendicular to a given straight line at its middle point, the 
given line being terminated by the sides of a triangle. 
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In question 50, which can be readily proved (vide Educa- 
tional Times)j we have 

for AO {ma - lb) fi + {Ic - na) <^f ^ 0, 

DE la-\-tnp + nr^ = 0; 




therefore any line FO can be represented by 

la + m/8 + n7 + \ {{ma - /6) )3 + (fc - na) 7} = 0, 

or io + {m -I- \ {ma - lb)] /8 -i- {» + \ (fc - na)} 7 = 0...{1), 

and in order that this line may be perpendicular to 

/a + m^ + n7 = (2), 

we must have the condition 

/* + m' + n* + Xm {ma - ZJ) + Xn (fo - na) 

= {2mn + \m {Ic - na) + \n {ma - lb)] cos A 

+ {2ln + \l(lc -na)] cos 3 

+ {2lm + \l{ma- lb)] cosC (3). 

Substituting the value of X obtained from (2) in equation (1), 
we have 

{{ma - lb) (n cos -4 + / cosC- w) 

+ (fc - na) {m cos A -^ I cos B -n)] la 

+ {{ma - i6) (/* + n* - mn cos A - 2ln cos B -Im cosC) 

4 (fc - na) (w* cos ^ + /m cos ^ - wn)} /8 

+ {{ma - ZJ) (n* cos^ + M cosC- mn) 

+ (fc - na) (/* + !»•- mn qosA - Z» cos B - 2/m cosC)} 7 « 0. 
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Cor. 1. If it were required to find the perpendicular on 
the base of a triangle at its middle point; instead of equa- 
tion (2), we should have 

a = Oj and / = 1, m = 0, n = 0, 
and we have the well known equation (vide question 16) 
a sin (^ - C) + /8 sin^ - 7 sinC= 0. 

Ck)R. 2. If F, :E be the middle points of ^^ and ^ C 
respectively, then 

/ s - sin ^, m = sin ^, n = sinC, 

and the equation to the perpendicular at the middle point 
of :EF wiU be 

- a smA sin(^- C) + /8 sinj? {8in(-B- C) - 2 sin -4} 

+ 7 sinC{8in (^ - C) + 2 sin^} = 0. 

Cor. 3. If F% E' be the feet of the perpendiculars from 
the angular points upon AB and ^C respectively 

/ B - cos A, m s cos B, n = cosC, 

and the equation to the perpendicular through the middle 
point of E'F' wiU be 

a 008^ . sin(-B - C) - /8 sin-S . cos(^ - C) + 7 sin C cos(^ - C) =» 0. 

Cor. 4. If F'\ E" be the intersections of the angular 
bisectors with the sides AB and A C respectively, then 

/ = - 1, m = 1, n = 1, 

and we have for the perpendicular at the middle point of E^F" 

a{2 sin J9 + 2 sinC-l- 8in(J9 - C)] 

- /3 {4 sin ^ 4 2 cos C sin (^ - ^) + 4 sin ^ . cos B 

+ 2 sin ^ . cosC + sin B] 

+ 7 (4 sin -4 + 2 cos ^ . sin (-4 - C) + 4 sin -4 . cosC 

+ 2 sin ^ . cos ^ + sin C} = 0. 

63. In question 50. 

Let ADE be a triangle, and MN a straight line terminated 
by AE, AD, and represented by the equation h- + fw/8 + 1*7 « ; 
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shew that the equation to the line joining A and the middle 
of MN is {ma - ^) ^ + (fc - no) 7 = 0. Also apply trilinear 
coordinates to prove that the middles of the three diagonals of 
a complete quadrilateral' are in a straight line. 

We can easily deduce the equation to BK which is parallel 




^^^ 
•^/■-— -^ Xflr 

V 
B O 

to a s ; the middle point of which will be in the point where 
the line from A bisects BC 

Hence we easily determine V parallel to AC and ulti- 
mately we have for AO 

{ma -l&inB) p-\- (/ sinC - n sin -4) 7 = 0. 

Another method may be seen in the Bdticational Times, 

Having obtained this form we can readily proceed to prove 

that the points which bisect the three diagonals of a complete 

diagonal meet in a point. 
Let DB be represented by 

/a + m/8 + »i7 = (1); 

therefore foiBDla^ nr^ =0 (2), 

C^ /a + mfi =0 (3); 
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therefore, by the last theorem, we have 

for AQ {ma-'lb) fi-{-lcfi^O .. 
AH lbp-i^{na-lc)r^ = ,. 
and AF m^ + n7«0.. 

From (3) and (4), we have 

\la + (Km + wa - ^) )3 + ^7 = 



(4), 
(5), 
(6). 

.(7), 



and this line passes through G; and if we find the value of X 
by substituting the values of p and 7, found from (1) and (6), 
and substitute the values thus found in (7), the equation thus 
found will represent the line passing through JKG, But this 
line also passes through J7, for treating the equations (2) and (5) 
in the same way, we obtain the same equation, viz. 

(- mna + Inb -l- Imc) aa' 
+ ( mna - Inb + Imc) 6)3 > = 0. 
+ ( mna + Inb - Imc) C7J 

We shall conclude this Chapter with a few examples on 
determinants, the discussion of which will be found fully 
developed in Mr. Todhunter's Theory of Equations; also in- 
formation may be derived on the same interesting subject in 
the Messenger of MatJiematicSf Vol. I. 



(1). Shew that 



(2). Shew that 



Examples. 






«1» «2 

bit h 



«1» «2» ^ 




«i» K Ci 


K hf h 


= 


«2» *2» ^« 


Ci, Cg, C3 




«s» *s» ^s 
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(3). If there are n lines and columns, shew that 






^8* • '^n 



• « 
1* •> ^•••"^j 



''s* ^8» ^S»»»^S 



• • • • 



Ol 



• • • 

• • • 

• • • 



-61 



«2> ^•••<*» 

• • • 

• • • 

• • • 



+ C, 



029 ^^s-'-^n 
6„ 63... 6, 



■ • « 

"fjjj AJ3. ••Af 



+...+ (-ir'A;i 



«8» «3- 
62, ^3. 



(4). Shew that 



»ll «*2l 



«8 
^1, 62, 63 

C|, Cj, C3 



= <*lV8 ^ **lVa + <»2Vl - <*A<^9 + *A^2 - «A^1' 



(5). Shew that 



«2» ^f ^2 



(6). Shew that 

«2> *2> ^2 
«3» ^8» *8 



0, 



^2' ^2» ^2 



«1» ^1, Cj 
««» ft2» ^8 



= 0, 



U «8» y. 



« a5c - a/« - «^ - cA« + 2/yA, 



= ar^ya - aJ^y^ + ^ays - «aya + ^syi - ^i^y 
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(7). Shew that 

- 7, 1, a 



= 1 + a« + /S* + 7». 



(8). Given the three equations 

la + n'P + w'7 = 0, 
n'a + f/i^ + ?7 = 0, 
w'a + /')3 + n7 = ; 
find the determinant and shew therefrom that 

Imn + 2Z'iwV - W^ - win" - nn'* = 0. 

(9). Shew that 
a, bf c, £? 



&y a, £?, c 
c, d^i a, b 
df c, bf a 



= (a + 6 + c+<Q(a-6 + c-£?)(a-6-c + rf)(a + 6-c-rf)« 



(10). Eliminate/, g, h, k from the equations 

m/+ u/g + tJ'A + /A; = 0, 

u(f+ vg + u'A + mA; = 0, 

t?/+ w'^r + wA + »iAj = 0, 

and {f+m^ + nA =0. 



(11). If I 6, c 
y, 2 



and 

prove that 
B, C • 



b\d 



^A, 


c, a 

Z, X 


= -», 




^A', 


d, a' 

2, X 


= J5', 


X, y 



= e, 



= C', 



C, A 
C\ J! 



A, B • 
A', B 



a, b, c * 
a', 6', c' 
iT, y, « 



(«» + y« + x»)- 
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« (« + y + «) (ar -y + 2) (y - « - a?) (« - a? - y). 



(12). Shew that 

0, 1, 1, 1 

1, 0, ««, y« 
1, z\ 0, «• 

1, y*, «", 

(13). Prove that 

0, 1, 1, 1 

1, 0, a -f 5, a + c 
1, 6 + a, 0, 6 + c 
1, c + a, c + 5, 



./111 \ 
Va 6 c / 



(14)* Write out in full the expression 

u, «/, r, a 0(a,/3, 7) + 

«/, ©, «*, 6 

tj', u', tr, e 

a, 5, c, 

(16). Write out in full 

X 



u, «?', v' 



Wf V, u 



(aa + 5/3 + C7)* = 0. 



u/, v% 1 

Vf tiff 1 

ti'i tr, 1 
(16). Write out in full 



w', 


to% 


1 




tr, 


t^, 


1 




v\ 


w, 


1 





f/, u\ 1 
!/, tr', 1 
tr', ©, 1 



0(«iy, «) + 



«, it', i/, 1 
iO'f V, m', 1 
t/, U', U7, 1 

1, 1, 1, 
(17). Write out in full 

0, /, y, h 
/, M, «/, t>' 
y, w^, V, M' 
A, t/, tt', tp 



Uf u/, f/ 
u/, Vf u' 



(« + y + 2)* = 0. 



= 0. 
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(18). Write out in full 



abc 



8 = 



M, to', %f 
t/, u', v> 



t/, M*, w, 
a, 5, c, 
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CHAPTEE II. 



ON THB EQUATION OF THE SECOND DEGREE lUBFEBBED 
TO TRHiTNEAB COORDINATES. 

64. The general equation of the second degree is put 
under the form 

fc* + m/3* + 7» + I'p^ + m'7a + n'afi = 0. 

65. The equation to the conic section passing through the 
angular points of the triangle of reference, t. e, the conic cir- 
cumscrihing a triangle is determined hy the equation 

I m n ^ 

or - + — + - = 0. 

a /? 7 

66. The equation to the conic section inscrihed in a tri- 
angle is 

V(?a) + V(w^) + V(«7) = 0, 

or in its rational form 

/««» + m*^ + nV - 2mni37 - 2n^a - 2lmaP = 0. 

67. The equations to the three escribed conies will be of 
the form 

V(- ^«) + V(w^) + V(W7) = (1), 

VW + V(- fnfi) + V(«7) = (2), 

VW +V(»wi3) +V(-W7) = (3). 
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68. The condition that the straight line ^a + ^/3 + C7 = 
may be a tangent to the conic section represented by 

W^ + m^a + na/3 

is (^/)^(-&m)4 + (CH)i = 0. 

69. The condition that the straight line may be a tangent 
to the conic section represented by V(^) + V('"^) + V(**7) = i* 

70. The condition that the line -4a + 5/3 + Cy = may 
touch the conic section determined by the equation 

la* 4- m/3* + n7* = 

IS -7-+ - + — = 0. 

I m n 

71. The equation to the tangent of a conic section at the 
point /3 4- Ary s 0, vhose equation is Ifif^ + mf^a + na^ « 0, is 

{nh - m)* o + Imfi + lnh*r^ = 0. 

72. The normal of the curve Ifir^ + W7a + no/5 ss at the 
point /3 + A7 =» may be represented by 

(nh - m) tf + X/3 + (/ + X) A7 « 0, 

, ^ _ A/*m cos A - h^l^n + u{{u-\- hn) hi cos B^lm cos C- tf} 
" lm-\- hHn -hl{u ^ 2m) cos -4 - m' (A cos 5 - cosC) ' 
and hn -m^u. 

Co». 1. Normal at A {n co%A -m)^-{m cos-4 - n) 7 = 0. 

Cob. 2, Normal at B {) cos-fl- n)7-(w cos-B- Z)a = 0. 

Cob. 3. Normal at C (m cosC - Z) « - {I cosC - m) ^ = 0. 

73. From the foregoing Corollaries prove that these three 
normals will intersect in a point if 

- K - n«) + ^ (n« -;«) + -(;«- m«) = 0. 
a 6 c 

Question 3, p. 56, Ferrers' Trilinear Coordinates^ {vide Bdu- 
catumal Timea, February, 1863, Solution of Question 1803. 
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74. The equation to a tangent of tlie inscribed conic at the 
point /3 - A7 s will be, where the conic is represented by 
V(/«) + V(»»^) + V(«7) = 0, 

Uh^a - W(mh) + V(«)} m^P - W(mh) + V(n)} n^h^^ = 0...(1). 

Here it is quite evident that if the line represented by 
/3 - Ary s cut the conic, it will meet the line represented by 
la - [^/{mh) + VC'*)}' 7 = on the curve ; hence the equation 
to a line passing through their point of intersection will be 

/« + Xi3 - lW{mh) + V(w)}« + XA] 7 = (2). 

Subjecting this to thp condition in question (69), we get 

. V(m) y{mh) + V(n)} .„^ 

by substitution of which we get the required equation. 

Cob. 1. The equation to the line through A and cutting 
the opposite side at the point of contact is 

mfi - n7 = 0. 

Here A = — , 

m 

substituting this in the above equation to the tangent, we get 

la - 2m/3 - 2«7 = 0, 

which is the well known equation to the tangent where the 
line through A first cuts the curve. 

Cob. 2.' If the three tangents so constructed be produced 
to meet BA, £C, and AC produced, the three pairs of inter- 
sections will range on the straight line 

la + mfi + n7 = 0, 

75. If (2), in question (74), be a normal at the point of con- 
tact of the tangent represented by (1) it will assume the form 

/« + X/3 - W(mh) + V(w)}" + XA] 7 = 0, 
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where \ is equal to a fraction, the numerator of which is 
TAi + nW Wimh) + V(w)}' - [m* W(mh) + V(n)}" cos A 

- Ih^ {2ni + V(^^)} cos B + /m^ cosC] {\/(mA) + -/(n)}, 
and denominator 

(m* - A5) y(mh) + VW} + A^(fwA-n) cos^ - Ih^ cos^+ ZAJ cosC. 

76. The equation of the tangent to the curve 

la* + m/3* + «7" = 0, 
at any point a + Aj3 = 0, will be 

> hla -mfi- V(- w) ^(hH + wi) 7 = 0. 

77. If the equation in the last be of the form la* - m^ - n^*, 
the tangent at a + A/3 = will be 

hla + m/3 - V(n) ^{hH - m) 7 = 0. 

78. A normal to the curve la* - m^ - n7* = 0, at the point 
« + Ai3 = 0, will be 

\a -1- {\A + '^(hH - w)} i3 + V(») 7 = 0, 
where 

m V(») cos A^hl V(w) cos jB + (« - w + AZ cos C) VC^'^ - 'w) 
'^ (/im) A + {AV(n) cos^ + V(«) cos-B-V(^*^-^)} V(^"^-w) ' 

and the normal at P will be represented by 

{3 V(^»w) - w - A;} V'(Z) a + (Z - A;) yj{m) fi 

+ {2 VC^wi) cosC - / - m} ^/{n) 7 = 0. 

79. The condition that the general equation 

ua* + v/S* + W<f + 2m'/37 + 2t/7a + 2«7'a/3 = Q 

should represent a circle is 

«(?• + ivb* - 2u'bc = fva* + wc* - 2t?'ca = tob* + t?a" - 2u'ab, 

For investigations of these properties vide Ferrers* Trea^tM, 
p. 84| and the Messenger of Mathematics^ Vol. I., p. 94. 
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80. A system of conies is deseribed touching three straight 
lines ; prove that if one of the foci move along a given straight 
line, the other will describe a conic about the triangle. 

Hence prove that the circle, which passes through the point 
of intersection of three tangents to a parabola, pcusses also 
through the focus. 

61. Find the equation to a conic touching a, /3, ^y at their 
middle points ; the equation required is 

V(a«) + VW + V(c7) = 0. 

82. The equation to the conic section touching the three 
sides of a triangle at the point where the angular bisectors 
cut the opposite sides will be 

V(«) + V(/5) + V(7) = 0. 

83. The equation of a conic circumscribing the triangle of 
reference and having its semi-diameters parallel to the sides 
equal to r^, r^t r^ respectively, is 

a b c ^ 
r^*a r^^ r;^ 

84. The equation to any circle can be obtained by adding 
to the equation of the circumscribing circle the equation of 
a straight line multiplied by a constant. 

85. If (o sin-4 + ^ sin jff + 7 sinC) {U + mp •{- 117) 

+ ^7 sin ^ + 7a sin jff + a/3 sin C = 
be an equation tq one circle, and 
(o sin^ + ^ sin jB + 7 sinC) (/'« + m'^ + n'7) 

+ ^7 sin -4 + 70 sin J9 + ap sinC= 

be that of another, then the equation to their radical axis 
will be 

(/-/') a + (m - m') /3 + (n - n') 7 = 0. 
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86. The equation la* + m/3* + W7' = will represent a rect- 
angular hyperbola if 

/ + m + n = 0. 

87. Shew that ^(la) + *J{rn^) + V('*7) = ^ represents in 
general an ellipse, parabola, or hyperbola according as 

I m n 

- + -j- + - 
a c 

is negative, zero, or positive ; where a, 6, c denote the sides of 
the triangle formed by a = 0, /S = 0, 7 = 0. 

88. Shew that ip^^ + m^a + nap ^ represents in general 
an ellipse, parabola, or hyperbola according as 

Pa* + m*b* + nV - 2lmab - 2mnbc - 2lnac 

is negative, zero, or positive. 

89. Find the equations to the tangents to the curve 

V(^«) + V(»»^) + V('»7) = o» 
which are parallel to the line 7 = 0, and thence shew that the 
center of the curve is determined by 

^ ^ 7 



mc t nb na -t Ic ^ + ma ' 
90. The center of the curve, whose equation is 

IP^ + mr^a + nafi = 0, 

is determined by 

fi y 



m (I sin-4 - m sinif + n sinC) n (/ 8in-4 + m sin J9 - w sinC) 



/(- / sin-4 + m sinjB + n sinC) ' 



91. The equation to the circle circumscribing the triangle 
ABC, where the sides are « = 0, /3 = 0, 7 = 0, is 

/37 sin -4 + 7a sin jff + a/3 sinC ss 0. 
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The equadon to the inicribed circle is 

The following trill be found a good metbod : 
Having constructed the diagram, the question will become: 
circumscribe a circle about the triangle PQB, 




Let a', p, Y be the tespecUTc pei^ndicular distances of 
", fi, 7 from the sides of the inscribed triaiigle, then 
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PBg = ^', PQS-. 






Then ^' = 1-:^, B- = "- 

2 2 22 £ ^ 

Then the equation to the circle circumscribing PQB is 
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and by substitution 

a» cos* TT + /S* COS*— + <y' cos* — 
2 2^ 

- 2/87 COS* — . cos* — - 2a7 COS* — . COS* — - 2ap COS* — . COS* 5" = ^> 
2 2 2 a a a 

which may obviously be reduced to the simple form 

A. 3 C 

cos — V(«) + COS 2" ^^^^ ■*" ^°® 2 '^^'^^ "^ ^' 

92. The equations to the three escribed circles will be 

ABC 

cos 2" '^^" "^ "*■ "^ 2 '^^^ ■*"'"* 2 '^^'^^ " ^' 

^ 5 C 

sin J V{«) + cos — V(- /3) + sin - V(7) = 0, 

^ -B C 

sin - V(«) + sin - V(^) + cos - V(- 7) = 0. 

93. The trilinear equation of the circle described through 
the three centers of the escribed circles of a triangle is 

oo* -f 6/3* + C7* + 2« (a/3 + /37 + 70) = 0. 

94. If the sides of a triangle, represented by a = 0, ^ = 0, 
7 a 0, be the diameters of three circles, their equations will be 

o* cos -4 = )37 + 7a cosC + a/3 cos jff, 

jS* cos 5 = /37 cosC + 7a + a^ cos A^ 

7* cosC = ^7 cos jff + 7a OOSui + a)3. 

95. The equations to the three circles which pass through 
the inscribed center and each of the two inscribed centers are 

5^ + <?7* - at^ + 2 (« - o) (/37 - 7a - a^) = 0, 

C7* + aa« - 6^« + 2 (« - 6) (7a - a/3 - /37) = 0, 

aa« + 6/3« - C7« + 2 (« - c) (a/S - /37 - 70) = 0. 
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96. Find the equations, in trilinear coordinates, of the 
circles whose diameters are, (1) the perpendiculars drawn from 
the angles of a triangle to the opposite sides, (2) the lines 
bisecting the angles and terminated by the opposite sides, 
and (3) the lines joining the angles with the middles of the 
opposite sides. 

Circle on perpendicular through A is 

()3 cos jff - 7 cosC)* = asin^ (^8injff + 7 sinC), 
that on perpendicular through B 

(7 cosC - a cos^)' = /3 sin ^ (7 sinC + a sin^), 
that on perpendicular through C 

(a cos-4 - )3 cos Bf = 7 cosC(a sin-4 + )8 sin J?). 

In the second case, if 

AD be the line which bisects BC in D, 

BE be the line which bisects A C in B, 

and CFbe the line which bisects AB in F, 

The equation to the circle described on AD ia 
03 sin jB - 7 sinC) QS cos JB - 7 cosC) 

= 7a (sin jB + sinC cos A) + «/3 (sinC + sin B . cos A), 
That on BB 
(7 sinC - a sin A) (7 cosC - a cos A) 

= a/3 (sin C + sin -4 . cos B) + /37 (sin ^ 4 sin C cos B), 

That on CF 

(a BvnA- p sin B) (a cosA- p cos B) 

= /37 (8in-4 + sin jB . cosC) + 7a (sin B i sin -4 . cosC). 

In the third case, the circle on 
AD is ip - 7) (P cos -B - 7 cosC) = (1 + cos A) (ap + 7a), 
BF ... (7 - o) (7 cosC - a cos A) = (1 + cos 5) (/37 + o^), 
CF ... (a - p) (a COSA-P COS B) = (1 + cosC) (7« + P'l). 
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97. To find the equations in trilinear coordinates of the 
following : 

fl) Of the three circles described upon the sides of a tri- 
angle as diameters formed by joining the feet of the perpen- 
diculars let fall from the angular points of a triangle upon the 
opposite sides. 

(2) Those described upon the sides of the triangle formed 
by joining the middle points of the sides of a triangle. 

(3) Those described upon the sides of the triangle formed 
by joining the points of intersection of the angular bisectors 
with the opposite sides. 

The equations for (1) are 

- |a« sin2^ . sin.& - ^» C08»^ - iy sin2C.sin5 

+ ap cos^.cos (-4 - ^) + /37 cos jB.cos (JB - C) + 7a cos'JB = 

- Ja«sin2^.sinC-i^' 8in25.8inC- 7" cos'C 

+ 0/3 cos'C+ /37 cos C cos (^ - C) + 7a cosC.cos(C- -4) = 

- o* oosM - i/3* sin 2B . sin -4 - J7* sin 2 C sin A 

+ 0/3 cos^ .cos (-4 - ^) + )87 co8*-4 + 70 cos ^ . cos ( C- A) = 0. 
The equations for (2) are 
o* sin'^.cos j9 + ^ sin*^.cos5 + 7' sin C (sin -4 + sin if. cos C) 

- 2/87 sin ^ . sin ^ 

- 27a sin A . sin {B - C) 

- 2ap sin ^ . sin ^ . cos J? = 0, 

o' sin^ (sin^ + sinC cos^) + ^ 9m*B . co8C+ 7* sin'C. cosC 

- 2/37 sin -S • sin 0» cos C 

- 27a sin 5. sin C 

- 2ap sin B . sin (C- -4) = 0, 

«■ sin'^.cosif + p* sinB (sinC + 8in-4 . cosjB) + 7* sin'C cos^ 

-2)37sinC.sin(^-5) 

- 27a sinC sin A . cos A 

- 2a/3 sinC sin -4 = 0, 

E 
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The equations for (3) are 
o« (1 + cos -4) + ^ cos jff + 7* (1 + cosC) 

- )37 (1 + cos^ + cosC) 

- 7a (1 + cos -4 - 2 cos B + cosC) 

- o)3 (1 + cos A + cos B) = 0, 
o* cos-4 + /S* (1 + cos JB) + 7* (1 + cosC) 

- /37 (1 - 2 cos -4 + cos B + cosC) 

- 7a (1 + cos A + cosC) 

- a)3 (1 + cos A + cos B) = 0, 
a« (1 + C08-4) + ^* (1 + COS B) + 7* cosC 

- )37 (1 + cos B + cosC) 

- 70 (1 + cos -4 + cosC) 

- a)3 (1 + cos -4 + cos^ - 2 cosC) = 0. 

98. The equation to the circle circumscrihing the triangle 
formed hj joining the three middle points of the sides of 
a triangle is 

a« sin 2^ + p^ sin 25 + 7' 8m2C 

- 2)37 sin^ - 27a sin jff - 2a^ sinC= 0. 

99. To find the equation to the circle circumscribing the 
triangle formed by joining the feet of the perpendiculars let 
fall from the angular points upon the opposite sides. 

In the former equation let a = 0, then 

{p sin if - 7 sinC) {p cos -B - 7 cosC) = 0. 

Hence the same circle circumscribes both triangles; but it 
would be a good exercise to find the equation independently. 

100. To find the equation to the circle circumscribing the 
triangle formed by joining the points of intersection of the 
angular bisectors with the opposite sides. 

With the usual notation, the equation 

W + m/3' + n^ - (w + n) /37 - (^ + n) 7a - (/ + m) o/3 = 0, 
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9Ad 


we 


obtain 


m-^ n 
I 

Un 
I 


V ■¥ to ■¥ cos B + cosC 

U + COS j4 * 

M + l£7 + COS -4 + COSC 
M + COS -4 ' 

M + t? + C08-4 + COS^ 



I M + COS A 

therefore (ii + cos A) o« + (t? + cos B) ^ + {to -{■ cosC) 7* 

- (t? + tt? + cos^ + cosC) ^7 

- (m + «7 + C08-4 + cosC) 70 

- (m + t? + cos ^ + COSj?) ap = 0. 

The form of this result is due to Mr. Watson of Haydon 
Bridge. 

101. Prove that 

a« 8in2^ + /3? sin2if + 7« sin 2C 

- 2^7 sin^ - 27a sin B - 2a/3 sinC= 

represents a circle. Here we must shew that 
I Bwi^B " n' sin ^ . sin ^ + m sin*^ 3 4 sin ^ . sin J? . sin C, 
m sin'C - V sin ^ . sinC + n sin*^ = 4 sin ^ . sin i^ . sinC, 
n fos^A - m' sin ^ • sinC + I sin^C = 4 sin ^ . sin j9 . sinC, 

where la* + mjS* - W7* + Vp^ + m'r^a + n'a^ = 

is compared with the above. ( Vide Question 79). 

102. Making use of the usual notation and construction 
in the circle. 

(1) For BD a sinC + 7 (sin-4 + sin JB) » 0, 

(2) BLf 7 sin^ + o (sin if + sinC) = 0, 

(3) AD )8 sinC +7 (sin -4 + sin -B) = 0, 

(4) B'C a sinB + p {sin A + smC) = 0, 

(6) AJy 7 sinif + p {sin A + sinC) = 0, 

(6) Ciy /3 sin^ + a (sin^ + sinC) = 0. 

E2 
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Cor. 1. From (1) and (3) 

0-^ = 0. 




This shews that in anj triangle, the bisectors of the angles 
and the perpendicular bisectors of the sides meet in the cir- 
cumference of the circumscribing circle. 

Cor. 2. Adding (1) and (4), (2) and (5), (3) and (6) in 
each case, we get 

c (sin-B + sinC) + p (sin^ + sinC) + 7(sin-4 + sin^) a 0, 

%,e, the opposite sides of the hexagon inscribed in a circle 
meet respectively in three points, all which range in a straight 
line, a particular case of Pascal's theorem. 

Cor. 3. If the triangle be equilateral, this line will be at 
infinity. 

If BE be parallel to Oiy, we shall have 

tor BE asin^{cosjff + cos(^- C)} + /3 sin ^ {cos .4 -C08J5} 

+ 7 {sin^ + sin^} (1 + cosC) = (1). 

If BE be parallel to FB^ we shall have 

for BE a(sin^ + sinC) (1 + cos^) + /3 sin^(cosC- cos J5) 
+ 7 sinC{cos^ + cos(^ - ^)} = (2), 

The equation to the line through P parallel to B'O is, viz. 

for PE a (1 + cos^) + )3(cosC- cos^) 

- 7 (1 + cosC) = (3). 
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The equation to the line through the point O parallel to 
jyp is, viz. 

for OE a 8in-4 {cosC + cos(^ - C)} + /3 sin j5 (cosC- cos^) 

-7 8inC{cos-4 + cos (-4 - JB)} = (4). 

Subtracting (2) from (1) and a little reduction, we get 

a [sin A {cosC+ cos (B - C)} - 2 sin-B (1 + cosC)] 

+ ^ sin -B (cos -4 - cos C) 

- 7 [sinC {cos-B + cos(^ - -B)} - 2 sin JB (1 + cos^)] = 0...(5). 

Hence we see that if we multiply (3) by 2 sin £ and sub- 
tract it from (4), we obtain the same form as in (5), which 
is the difference between (1) and (2), or the intersection of 
DJE and lyU, from which we conclude that FE and OE 
intersect in E; hence PEOD'* is a parallelogram, and OP 
is the diagonal, which is a proof of the property in the 
Lady* 8 and Gentleman's Diary, 1850, Question 1795, pro- 
posed by Capt. A. E. Clarke, II.E., and which may be thus 
enunciated : 

" K the three radii drawn from the center of the circum- 
scribing circle perpendicular to the respective sides of a plane 
triangle represent in magnitude and direction three forces, 
then the line joining the center of the circumscribing circle 
and that of the inscribed circle will represent in magnitude 
and direction their resultant force." Vide Educational Times, 
the Author's contribution, June, 1859. 

103. In the last figure a tangent at D is 

sinC{a sin ^ + /3 sm-B} + 7 (sin^ + sin-B)' = 0, 

tangent at D 

BiaA[fi sin 5 + 7 sinC} + a (sin jB + smC)* = 0, 

tangent at D" 

sin B {7 sinC + « sin-4} + p{smA + sinC)* = 0. 

E3 
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104. If from any point in a circle circumscribing a triangle, 
perpendiculars be let fall on the sides, the feet of those per- 
pendiculars will lie in a straight line. 

105. K from any point in a circle circumscribing a triangle, 
lines be drawn to the three sides of a triangle making equal 
angles with them, the points of intersection will lie in the 
same straight line. 




In the diagram, let P' be any point within the triangle, 

and let 

L P'CA = Z T'VC^L P'afB = 0, 

and if JP'Ff P'E^ PD be drawn respectively perpendicular to 
the sides of the triangle ABC, we shall have 



therefore 



sm^ sin^ sm^ 



area a'J V = g-g^ {/^^ ^in hTtf + 7a sin a^F(^ + a^ sin afP'h') 

= „ . ,^ {^7 sin ^ + 7a sin 5 + a/3 sin C}. 
jl sm Xj 

If P' be removed to the circumference at P 

area {ahc) = 0, since ^37 sin -4 + 7a sin -B + a^ sinC = 0, 
and a, 5, c range in a straight line. 
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106. From the middle point P of a circular arc APB draw 
any two chords PC, PD meeting the circumference in C and 
D, and meeting the chord AB in C and Df. Prove that the 
straight line joining P to the pole of CD will bisect C'ly* 

Let the equation to- the line AB be 

fc + in)3 + n7 = (1). 




Now if O be the center of the circle, OP by question must be 

perpendicular to AB j and since the equation to OP will be 

represented by 

p cosC- 7 cos5 = (2), 

the condition that (2) is perpendicular to (1) is 

, _ m sin -B - n sinC .„. 

' sin (B - C) ^^^• 

Now, from Question 50, Chap, i., we know that a line joining 
P with the middle of C'jy will be determined by 

(m sin -4 - IhiaB) pi- (^sinC-n sin -4) 7 = 0...(4); 

. - . ^ 7 . T» sinC(n sin!?- fn sinC) 

therefore m sm ^ - ^ sin ^ a ^^-^ — -= — 7=- 

sm {B - C) 

by substituting (3), also 

, . ^ . . sin J9 (n sinJB - m sinCO 

I smC- n sm-4 = . , p — j^- . 

sin (B - C) 

Hence the equation (4) becomes 

P sinC- 7 sin^ = (5), 
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which is the equation to FU passing through the middle 
point of C'ly. 

Again, the two tangents QD and QC will be represented by 

7 sin-4 + a 8inC= and asiaB -{• fi smAsz 0...(6). 
Hence PQ may be represented by 

7 Bin A + o sinC+ \ (o sin5 + )8 sin^) = ... (7), 
and also by )3 + V7 = (8). 

From (7) and (8), we get 

^ , sin ^ 

smC 
hence (8) becomes 

)8 sinC- 7 sin^ = (9), 

and since (9) is identical with (5) the line PQ passes 
through B» 

107. If the general form of the equation of the second 

degree be 

la* + m^ + W7* a 

represent a real conic, the coefficients of a*, ^, and 7" cannot 
be all of the same sign. 

108. If n be negative, shew that the point A will be within 
the conic, and that if It and 8 be the points of contact where 
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the conic cuts AC and AB respectively, P the point of con- 
tact of a tangent drawn from C\ then BC, CS, CA, and PC 
"will form an harmonic pencil. 

Here J2Q joins two points of contact; therefore the line 

CA is the polar of B, 

AB is the polar of C, 

C is the pole of AB, 

B is the pole of A C 

It may also be shewn that the polar BC and pole A are 
reciprocal. 

109. Prove that if the equation la* + m^ + nrf b repre- 
sents a parabola, then 

o« 6« c« ^ 
— + — + - = 0. 
I m n 

110. If a conic section be inscribed in a quadrilateral, the 
lines joining the points of contact of opposite sides, each pass 
through the intersection of the diagonals. 

Let ubO, v = Of «7 s 0, ^ = be the equations to the sides 
of the quadrilateral. ^ 

If Au + Sv + Oie = t with the condition -; -*- ^ + 7i ° 0> 
The equation to the conic 

(kuj + {fivf + iyw)^ = 0, 

Eliminating A, B, C from the condition -; + ^ + 7^ » 0, and 
** ABU 

from the two diagonals Au ^ Bv = and Au + C^ « 0, we get 

\u - fiv - mo = 0, and this equation represents the line joining 

the points of contact named, which establishes the theorem. 

111. The equation of the conic which touches the two sides 
of the triangle of reference in the points where they meet the 
third will be 
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112. The condition that the line Aa^Bfi^Ch/^O may 
touch the conic represented by k*a* = ySry is 

A* = 4J^Ba 

113. The tangent will be represented at the point 
a - A)3 a by 



7 - 2h^a + h*^p = 0. 



114. K the form of the equation had been 7* = afi, the 
equation to its tangent would have been 

h*a - 2A7 + )3 = 0. 

115. K o^f p'f 7' be the respective values of o, /3, 7 at the 
pole, the equation to the polar will be 

a'fi - 27 Y -{-ap^O. 

116. K a conic section be inscribed in a triangle, and three 
lines be drawn from the angular points through any point 
within the conic, then the three tangents at the points in the 
conic where the lines cut the conic, and the three sides of the 
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triangle produced, will meet in three points which will range in 
a straight line. 

The equation of the conic section is 

For AD mp - n7 = 0, 
....BE W7 - ;a =0, 
.... CF la -mp^O, 
.... LP 2m^+ 2w7 - /« = 0, 
....MQ 2w7 + 2la -m^sO, 
.... iVi2 2la + 2m|3 - n7 = 0, 

QPi2 is a right line represented by 

la + mp + n7 = 0, 

and CA^ CF, CB, CR form an harmonic pencil. 

117. FascaVa Theorem. The opposite pairs of sides of 
a hexagon inscribed in a conic section meet in three points 
which range in the same straight line. 

For ^Cput w = 0, BE P = 0, 
.... EF .... t? = 0, OF Q = 0. 




The conic passing through ^CSFwill be represented by 

uv + \FQ = 0. 
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The equations 

for AB h'H + XP = 0, for AF ^- KQ 
...DE t>-AP = 0, ... DCAfifXQ 

The equation to PQR is 

hk'u + \» = 0. 



0, 
0. 



118. Srianchon's Theorem. If any hexagon be cireum- 
scribed about a conic section, the three diagonals which join 
its opposite angles will all pass through the same point. 

Let the equation to the conic section be 

(hi)^ + (mv)^ + («w)* (1). 




B JC J} C 

¥otBCu^O, ACv^O, ASw^O (2), 

DJB \m + ^t? + v«7 =0 (3), 

GF Vm + /I'v + Vto ="0 (4), 

GH V'M + piTv + v"«7 = (6). 

The condition that (3), (4), (5) may be tangents to (1), we 
must haye 

x% + ;=' W' 

I m n ^ 

vV^^°^ ^'^ 

I m n ^ 

vV"'"^^"' ^^^ 
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The equations to the three diagonals will be, viz. for 
QD — M+ _- r+ -^ to = 

fjb'v Xv X'fl 






• (9). 
.(10), 

•(11)! 



therefore 



1 1 1 

ill 
2^ 2_ 1 

which establishes the theorem. 



J- i- -L 

-L J- _L 

fl"v* \"V* XfM."' 
1 1 1 

fiv* XV' ' xy 



119. Having given a focus and two points of a conic 
section, prove that the locus of the intersection of the tan- 
gents at these points will be two straight lines, passing 
through the focus, and at right angles to each other. 

120. A conic is described touching three straight lines 
rBC, CA, ABf so that the pair of tangents drawn to it from 
a given point O, are at right angles to each other. Prove 
that it will always touch another straight line; and that if 
this straight line cut £C, CA, AB, in Z), ^, F respectively, 
each of the angles AOD, BOJS, COF is a right angle. 
And prove that the polar of O, with respect to this conic, 
will always touch a conic, of which O is the focus. 

121. Let the equations to the four sides, taken in order of 
the quadrilateral, be 

Wj = 0, 1*2 = 0, Ms = 0, M4 = 0, 

the general type of the equation to a straight line being taken 

in the form 

a: cos a + y sin a - =0, 



60 ON THE EQUATION OF THE SECOND DEGREE 

Then the equation to the conic section will be of the form 

Xw^Wj + /Jiu^u^ = 0, 

when it circumscribes the quadrilateral; and if ati^+5t«2+^+^^4 
yanish, for all yalues of x and y, 

X^3 - fiau^ = 

will be a tangent to it. 

122. Shew from the equation to the circumscribing circle 
about the triangle formed by three tangents to a parabola, 
that it passes through the focus of the parabola. Vide Salmon, 
p. 195, Ex. 3, Third Edit. 

123. If the equation of a conic be expressed in terms of the 
equations of three right lines, the equation of the polar of the 
intersection of any two of them is the first derived of the equa- 
tion of the cpnic, considered as a function of the third line. 

124. Given four points on a conic, the polar of any other 
given point will pass through a fixed point. 

The equation of the conic is of the form 

and since -=--{■ k -=-r = only involves k in the first degree, it 
da da o » 

will pass through a fixed point. 

125. Find the locus of the pole of a given line (7) with 
regard to a conic of which four points are given. 

And shew also how to find the locus of the centers. 
The locus of the pole is 

dS dS^ dS dS^^^ 
da' d^" dp' da " 

126. Find the equation of the polar of any point (a'/3'<y') 
with regard to a conic section. 

The equation, for shortness, is 

dS ^dS ,dS ^ 

da d/J dry 



> m 
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127. The line joining corresponding vertices of any tri- 
angle, and of its conjugate triangle with respect to a conic, 
meet in a point. 

128. The intersections of corresponding sides of two con- 
jugate triangles lie in one right line. 

129. The anharmonic ratio of four points on a right line is 
the same as that of their four polars. Vide Salmon, p. 244, 
Third Edit. 

130. Inscribe in a conic a triangle, the sides of which pass 
through three given points. 

131. If two conies have a double contact, any tangent to 
the one is cut harmonically at its point of contact, the points 
where it meets the other, and where it meets the chord of 
contact. Vide Salmon, p. 245, Third Edit, 

132. Shew that the three conies 
i ^ = 0, a^ - — 7« = 0, and /37 - -— a« = 



m' n 



meet in a single point, and that of the constants /, m, n are 

connected by the equation -r + ~ + ~ =0, where X, u, p are 

fixed quantities ; the locus of the point is a conic section cir- 
cumscribing the triangle A, 3, C, whose sides are a « 0, 
/3 = 0, 7 = 0. 

133. Two variable tangents are drawn to a conic section, 
so that the portion of a fixed tangent, intercepted between 
them, subtends a right angle at a fixed point. Prove that 
the locus of the point of intersection of the variable tangents 
is a straight line. 

Also if the fixed point be a focus, the locus will be the 
corresponding directrix. 

Fa 
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134. Find the equation of a conic circumscribing (a, /9, 7), 
and having its center at a given point (a'P'yO* 

For a discussion of this question, vide Salmon, p. 246, 
Third Edit., and the late Prof. Hearn's Researches, Chap. n. 
If a fourth point be given on the conic, then 

I m n ^ 

— I- — + — =0, 

a" ^' 7" ' 

and the locus of the center of the conic circumscribing the 
quadrilateral will be 

a (6/3 + C7 - aa) /3 (aa + c^y - J/3) 7 {aa + 6/3 - C7) ^ 

i^^ + J' + 7— "' 

since 6/3 + C7 - oa ts 0, 00 + C7 - 6/3 =s 0, ao + 6/3 - 07 = 0, &c, 

represent lines joining the middle points of the sides of the 
triangle of reference, this equation represents a conic passing 
through the middle points of the sides of the quadrilateraL 

When three points and a tangent are given, the locus of the 
center will be 

V{^a(6/3+C7-oa)} + V{i5^(««+C7-6^)} + V{C{Y(oa+6^-C7)}=0, 

where ^a + J90 + C7 « is the equation to the tangent, and 
subject to the condition of tangency; and is in general a ounre 
of the fourth degree. 

135. To find the equation to a conic inscribed in (a/37) and 
having the center at a given point {<^'^^)> 

The locus of the centers of a conic touching three lines and 
passing through a given point af'^r/' is 

V{o«" (6/3 + C7 - aa)] + V{6r (aa + C7 - 6^)} 

+ V{<^' («« + 6^ - C7)} = 0, 
the equation indicating that the conic touches the lines joining 
the middle points of the sides of the triangle formed by the 
given tangents. 

Let ^a + ,9/3 + Oy =: be a fourth line. The locus of the 
center will be a right line represented by 

g (6/3 4 C 7 - aa) 6 {aa + 07 - 6/3) c {aa + 6j3 - C7) 
A + S + C "^- 



4 ^ 
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136. Find the equation to the conic touching the fiye lines 
«> ft 7» « + /3 + 7, and 2a + /3 - <y. 

Now the equation to a conic touching the three lines 

«, ft 7 w ^ , , 

and in order that it may touch ttoo lines represented respec- 
tively by 

-4a + ^^ + Cty = and -4'a + ^/5 + C'7 = 0, 
we must have 

I m n ~ , I fn w-. 
— + — + — = and — + — +-==, = 0. 

Now, comparing the two equations with the fourth and fifth 

line, we have 

^ = 1, J5 = l, C=t, 

^' = 2, -B' = l, (7' = -l; 

therefore / + m + n = and J? + m - n = 0, 

from which we obtain 

— = 3 and - = - 4 : 
n s n 

and, by substitution, we get 

2 (- «)^ + (3^)4 + (7)4 = 0, 

which is the required equation to the conic touching the five 
lines. 

137. If three conic sections have one chord common to 
all, their three other common chords will pass through the 
same point. Vide Salmon, p. 220, Art. 267. 

138. The equation of the inscribed conic touching the sides 
of the triangle at the feet of the perpendiculars from the 
opposite angles will be 

(a cos A)^ + (/3 cos B)^ + (7 cos C)4 = 0. 

139. The anharmonic ratio of four points of one conic is 
equal to the anharmonic ratio of the four corresponding points 
of the other. Vide Salmon, p. 227, Art. 275. 

F3 
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140. Find the condition that a conic circumscribed about 

the triangle a^f^ 

l^ + mrfa + nafi = (1) 

should touch another inscribed in it represented by 

V(i«) + ^/(M^) + V(-ZV7) = (2). 

Rationalizing (2) and adding it to (1), we get 

+ (?- 23fiV) ^7 + (m - 2NZ) 7a + (n - 2ZM) afi = 0.... (3). 
Now (3) is a perfect square when 

From which we obtain 

LUMm^Nn = 12. LMN 

= 3 X {64Z3JiriV^)i 

= 3X W'iV* . {64i«Jjrin* 

= 3X*JJf^JV^.{;m«}* 

= 3(Z0*.(itfm)^(iV«)* 
and therefore the condition that (1) touches (2) will be 

(Ll)^ + {Mm)^ + {Nny = 0. 

141. Find the condition that {la^ + (m/3)4 + {n^)\ = should 
represent a parabola. 

Now the condition that 

aa + 6/3 + C7 = 

may be a tangent to the conic represented by 

(fc)i + (m^)i + (W7)i, 
we must have 

I m n ^ 

a c 
which is the condition required. 
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142. Find the conditions that the general equation of the 
second degree should represent a parabola, an ellipse, or a 
hyperbola. Vide Messenger of Mathematics^ Vol. I., p. 94 
and 95. 

143. Shew that l^^ + m^a + nap = represents in general 
an ellipse, parabola, or hyperbola, according as 

Z*a' + m*6" + nV - 2lmah - 2mnhc - 2nlca 

is negative, zero, or positive. 

144. The equation U* + m^ + wy' = will represent a rect- 
angular hyperbola, if / + m + w = 0. 

145. Each angular point of a triangle is joined with each 
of two given points ; prove that the six points of intersection 
of the joining lines with the opposite sides of the triangle lie 
in a conic section ; and prove, that, if the conic described about 
the triangle and passing through the two given points, touch 
the line (/, m, n), the conic passing through the six points of 

intersection will touch the line (- , — , - j . 

\* m nj 

146. Find the locus of the focus of a parabola touching 
a/37. Vide Salmon, p. 249, £x. 4, Third Edit ; read also 
Arts. 57 and 194. 

147. The equation to the directrix of the foregoing para- 
bola will be 

'bl{a cos^ - 7 cosC) + am (fi cos J? - 7 cosC) = 0; 

hence the directrix always passes through the intersection of 
the perpendiculars from the angular points upon the opposite 
sides. 

148. Find the condition that the conic (vide Ferrers' 
Trilinear Coordinates^ p. 67) 

la* + m^ + »7' + 2/'/37 + 2m'7o + 2n'a^ = 
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may be the product of two factors of the first degree in a/37. 
The condition is 

Imn + 2/Wn' - W* - mm'* - nnf* = 0. 

149. Find the condition that the conic represented by 

fc» + w/3* + fiT* + 2/'/87 + 2m'7o + 2n'oj8 = 

may be a rectangtdar hyperbola. 

This question may be considered thus: since in Mr. 
Todhunter's Plane Coordinate Geometry it is shewn, that, 
if the curve represented by the equation 

o«» + ftary + cy* + cfe? + cy +/= 
be a rectangular hyperbola, 

a + c = 0. 

Hence, writing the given equation in absolute terms, we 
find that 

/ + m + n - 2^ cos ^ - 2m' cos^ - 2n' cos(7= 0. 

150. Find the condition that the equation 

Ifir^ + mafi + «7a 

may represent the rectangular hyperbola. The condition is 

I cos -4 + m cos J? + n cosC = 0. 

151. Every rectangular hjrperbola described about a given 
triangle passes through the point of intersection of the per- 
pendiculars let fall from each angular point of the triangle on 
the opposite side. 

152. If a rectangular hyperbola be so described that each 
angular point of a given triangle is the pole, with respect to it 
of the opposite side, it will pass through the centers of the four 
circles which touch the three sides of the triangle. 

153. To find the direction of the axis of the parabola whose 
given equation is 

la* + fn/3' + n7* + 2^)87 + 2m'7o + 2n'o^ = 0. 

Tide Messenger of Mathematics, Vol. l., p. 95. 




BE7EBRED TO TRILINEAB COORDINATES. 

154. A triangle is circumscribed to a given conic; two of 
its Tertices move on fixed right lines, to find the locus of 
the third. 

If the two fixed lines be represented by 

Aa - j8 = and A;a - j8 = 0. 
The conic by 

The locus of the vertex will be 

(h + ky (ap) = 4hkrf. 
Vide Saknon, p. 229, Third Edit. 

155. Find the envelope of the base of a triangle, inscribed 
in a conic, and whose two sides pass through fixed points. 

156. Inscribe a conic section in a triangle wl^iose sides pasil 
through three given points. 

157. If the three sides of a triangle pass through three 
fixed points, and two vertices move on fixed lines, the third 
Tertex will describe a conic section. 

158. The base of a triangle touches a given conic, its 
extremities move on two fixed tangents to the conic, and the 
other two sides of the triangle pass through fixed points; 
find the locus of the vertex. 

a = and /3 = are the fixed tangents, and 7* = oj8 the 
conic section; o'/3'7', a"p"r/* two fixed points. The locus of 
the vertex will be 

159. In the last example, if the extremities of the base lie 
on any conic having double contact with the given conic and 
passing through the given points; find the locus when the 
two fixed points are fi'fi'* 

(/8 - ^'7) (/i^a - 7) = tan«0 (/8 - /*''7) (A*'« - 7)1 
where the conies are 

7« = a^ and -^^ - 0/8 = 0. 
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160. Find the envelope of a line such that the sum of the 
squares of the perpendiculars on it from two fixed points may 
be constant. 

161. Find the envelope if the difference of squares of per- 
pendiculars be given. 

The envelope required will be a parabola. 

162. Prove that each of the straight lines 

w=sO, t? = 0, w = 

is the polar of the point of intersection of the other two 
relatively to the conic section 

Pu* + mV = n*tr*, 

I, m, and n being any constants. 

163. To find the polar relatively to a conic section 

where u^ v, uo are linear functions of x and y corresponding to 
a pole represented by the equations 



lot? = w) 



The equation to the required polar is 

au - 2ahw + bv -0, 

164. The equation to a conic section being 

S=M + mV 4 nW - 2mnvw - 2nltcu - 2lmuv = 0, 

to prove that the equation to the polar of a point where 
M sa w', r = t?', to = uy is 

,d8 ,dS ,d8 ^ 
au av aw 

165. To find the envelope of the conic section 

Ivto + mwu + nuv = 0, 
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Uf V, w being given linear functions of x and y, and I, m, n 
being arbitrary parameters subject to the foUowing relation : 

(/a)i + (m^)i + (W7)i = 0. 

The required envelope is the straight line whose equation is 

ow + /3t? + 7^ = 0, 

166. To find the envelope of the conic section 

{lu)^ + (mvf + {nw)^ = 0, 

u, Vf to being a given linear functions of x and y, and /, m, n 
denoting arbitrary parameters subject to the following relation : 

I m n ^ 

- + - + - = 0. 
a /3 7 

The required envelope is the straight line defined by the 

equation 

oM + )3w -f 7tr = 0. 

167. To find the envelope of a right line, such that the 
product of the perpendiculars drawn to it from two given 
points may be constant. 

168. If from a fixed point O, OP be drawn to a given right 
line, and the angle TFO be constant, the envelope of TF is 
a parabola having O for its focus. 

169. The envelope of a chord of a conic which subtends a 
constant angle at the focus is another conic having the same 
focus and the same directrix. 

170. Find the curve, which is touched by all the chords of 
a central conic section, which subtend a right angle at the 
center. 

171. If two fixed points A, B, on a conic be joined to 
a variable point P, and the intercept made by the joining 
chords on a fixed line be cut in a given ratio at M, the 
envelope of FM is a conic touching parallels through A and 
^ to the fixed line. 
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172. The six vertices of two triangles about a conic section 
lie also in a conic section. Mathematician, Vol. I., p. 326, 

If the sides of one triangle be denoted by 

til = 0, w, = 0, U3 = 0, 
and of the other 

t^i = 0, Va = 0, r, = 0, 

where UiV^, u^v^, u^v^ apply to the opposite sides of the hexagon, 
then will the equation to the conic section circumscribing both 
triangles be represented by 

/ (1 + A) «j«, + ^ (1 + ?) W1W3 + A (1 + A;) WjMg, 

hf k, I are three determinable constants, and the conditions 
that the three diagonals pass through the origin are 

Ui-vz^h (t?i - «2), Wg - »3 = A; {Vi - Wg), Wg - r^ = / (», - Wi). 

173. If in a hexagon described about a conic section, the 
first, third, and fifth sides be produced till they form a tri« 
angle, and in like manner, the second, fourth, and sixth sides 
till they form another triangle, then the lines joining the 
opposite pairs of the angular points of these triangles inter« 
sect upon the three diagonals of the hexagon. Mathematician, 
Vol. II., p. 53. 

This is an immediate consequence of the formula in the 
preceding question, using the same notation 

tf2 + AWg = 

is the equation to the line through the intersection of u, 
and M,; but this equation is identical with 

Vg + kVf = 0, 

which is a straight line through v^ and v^; therefore, either 
of these two equations represents the line joining the inter^ 
sections of t^^t^, with that of rjV,; and the same argument 
holds good with that of u^ + ^Wj = and v^ + fog = 0, and by 
combining these equations and reduction, we finally get 

Vi - Wg = or w, - t?2 = 0, 
either of which represents the diagonal of the hexagon 
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joining v^u^ u^^i &x^d consequently the lines joining the 
intersections of 

t*,«s, «2Va; ^'i^^a* ^i^tl ^)^9 ^%^i 

intersect in a point. 

174. If the opposite sides and diagonals of a quadrilateral 
inscribed in a conic section meet in A^ By C, and any tangent 
to the conic meet the sides of the triangle ABC in A', B'f C ; 
and the lines joining At B, Crespectiyely with the intersections 
of BB, CC; CC, AA'\ AA', BB" meet the opposite sides 
in D, E, F; prove that DJE, JSF, FD will also touch the 
conic. 

175. Prove that if a conic be described about any triangle, 
and points where the lines bisecting the angles of the triangle 
meet the conic be joined, the intersections of the sides of the 
triangle so formed with the sides of the original triangle lie 
in a straight line. 

AE //8 + (in + n)7 = 0, 
CE ma + (/ + n))3 = 0, 
DC (m + «)o + //8 = 0, 
BD Ay + (m + n) = 0, 
BF {I + m) 7 + no = 0, 
AF (/ + m)7 + n)3 = 0, 
BE (m + n)o + (/ + n)j9- 117 =0, 
BF {m'^n)a- mfi + (? + m) 7 = 0, 
EF - la +(/ + «)/3 + (/ + m)7 = 0. 
A 
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The intersections of the sides of the triangles so formed lie 
on the straight line whose equation is 

(m 4 n) a + (^ + n) /8 + (/ + m) 7 = 0. 

Note. If the angular points he joined we have a particular 
case of Pascal's Theorem, the opposite pairs of sides of which 
being produced meet in three points respectively, which lie on 
the line represented by 

(m + n) a + (/ + n) /8 + (/ + m) 7 = 0. 

Cob. Hence it is seen that the six points lie on the same 
straight line. 

176. Find the equation of the chord of intersection of the 

circle 

/37 sin -4 + 7a sin 5 + «)3 sinC = 

with the curve 

la* + m^» + ny + 2^/37 + 2m'7a + 2n'a^ = 0, 

when this latter represents a circle (Messenger of Mathematics^ 
Vol. II., p. 42). 

The equation to the chord required is 

la m3 fl7 ^ 
- + -^ + — = 0. 
a c 

Messenger of Mathematics, Vol. li., p. 43. 

177. The equation to the director of the conic represented by 
To* + m*^ + nV - 2m«)37 - 2«^a - 2/mo/8 = 

is / cos-4o» + m coaBfiF + n cos Oy* - (^ + m cos C + n cos5) ^7 

-(m+ I coaC-¥ncosA)ffa 
-{n -im cobA + 1 coaB) ap = 0. 

A conic always touches four straight lines ; prove that the 
chord of intersection of the circle described round the triangle 
formed by any three of these straight lines, with the director 
of the conic, always passes through a fixed point. 
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If the equation to the conic be 

(Ui)^ + im0 + («7)i = 0, 

and j9a + y)3 + ry = represent the fourth line. The fixed 
point will be represented by 

qr cot B,coiC pr cot A, coiC pq cot A. cotB* 

178. From a point A two chords are drawn meeting a conic 
section in four points B, joined also by four straight lines a. 
These intersect two and two, in two points P lying on the 
polar of ^. At the points B are drawn four tangents bf which 
intersect in six points, two of which are on the polar of A, 
and the others lie two and two, on the two straight lines AP, 
These tangents intersect the original chords in four points, 
which may be joined by four straight lines intersecting by 
pairs in the points P, The lines a and b intersect in eight 
points C, which may be joined by twenty lines c; four of these 
pass through A, and the others may be divided into groups 
of four. Each group has six intersections, two of which lie 
on the polar of A, and the others lie two and two on lines 
through A, Any two groups intersect in eight points, having 
properties like those of the points C, 

The above is question 1399, Educational Times, a solution 
of which was given in the August Number of 1863, by the 
proposer, Mr. W. K. Cliflford. 

179. If a^rf and a,j3,7i be the trilinear coordinates of the 
points of intersection of the lines, joining the vertices of a 
triangle, with the points of contact of the inscribed and 
escribed circles respectively; then 

r VW {VO87. A71) + V(7«, 7i«i) + V(«)3, ai/5i)} 

= V(«^7» «ii3i7i) • V(r, + r, + r,). 
Proposed in the Ladies and Oentleman*8 Diary for 1863. 

180. In a given triangle let three triangles be inscribed, 
by joining the points of contact of the inscribed circle, the 

G2 
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points where the bisectors of the angles meet the sidetf, and 
the points where the perpendiculars meet the sides ; then will 
the corresponding sides of these triangles pass through the 
same point; also the triangle formed by the three points of 
intersection will be a circumscribed co-polar to the original 
trianglci and the pole will be on the straight line in which 
the sides of the given triangle meet the bisectors of its ex- 
terior angles. 

The above is question 1273, JEducationai TimeSf proposed 
by W. J, Miller, Esq., B.A., a solution of which is given in 
the June Number, 1864, by Prof. Cayley. 

181. If two consecutive sides of a Hexagon inscribed in 
a conic section are respectively parallel to the sides opposite 
to them, the other two sides of the Hexagon will also be 
parallel to each other. 

182. If three sides of a quadrilateral, inscribed in a given 
conic section, pass always through three given points of a 
given straight line, to prove that the fourth side also will 
always pass through a given point of the same line. 

183. For every point ^ in a conic section there exists a 
straight line BC, not meeting the curve, such that if through 
any other point K on the conic there be drawn any two 
straight lines meeting ^C in B, C, and the curve in Z>, J?, 
the angles BAC, DAB are either equal or supplementary. 

184. If a conic section be described about any triangle 
ABC, and the points where the lines bisecting the angles of 
the triangle meet the conic be joined ; the intersection of the 
sides of the triangle so formed with the corresponding sides 
of the original triangle lie in a straight line. 

185. Prove that the center of the conic 

— + r^H- — = 
aa op C7 

eoincides with the center of gravity of the triangle of reference. 
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186. If ABC, A'B'C* be two triangles, each of which is 
self-conjugate with regard to the same given conic, shew that 
another conic can be described about both. 

187. If P be any point on the circumference of a circle, 
O any fixed point, prove that the locus of the point, in which 
the tangent at P intersects the line which bisects OP at right 
angles, is a straight line. 

188. -4, B, C, 8 are four fixed points, SD is drawn per- 
pendicular to SAf intersecting BC m D\ 8E perpendicular 
to SB intersecting CA in E\ 8F perpendicular to 8C inter- 
secting AB in jP; prove that DEF lie in the same straight 
line. 

189. A rectangular hyperbola circumscribes a triangle; 
shew that the loci of the poles of its sides are three straight 
lines forming another triangle, whose angular points lie on 
the sides of the first, where they are met by perpendiculars 
from the opposite angular points. 

190. Prove also that the four conies which have /S' as a 
focus and which touch the three sides of the several triangles 
ABCy AEF, BFD, CDE have their latera-recta equal. 

191. If, through a fixed point O, a straight line be drawn 
cutting the sides AB, AC o{ sl triangle ABC in P and Q 
respectively, and J5C, CP be joined, prove that the locus of 
their point of intersection is a conic circumscribing the tri- 
angle ABC, 

m 

192. Prove that, if the conic (?a)4 + (mp)i + (n7)4 = be 
a parabola, its focus and directrix are given by the equations 

la mfi _ «7 

la m3 ny . 

tan^ tan 5 tanC ' 

and shew also that, if a parabola touch three straight lines, its 
directrix always passes through a fixed point 

63 
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103. If PQ be the chord of a conic, having its pole on 
the chord AB or AB produced; and Qq be drawn parallel 
to AB meeting the conic in q\ shew that Pq bisects the 
chord AB, 

194. Let an ellipse be described about a triangle ABC in 
such a manner that the two foci may be upon the two sides of 
the triangle, yiz. AB and A C. 




If ^a + 5/3 + Oy = 01 

and A'a + ^)3 + C'7 = J 

be two straight lines, their inclination will be determined by 
the equation, the numerator of which is 

cot^ = AA' + 5^ + CC - {BC + B'C) 00s A 

"{ACi- A'C) cobB - {AB" + A'B) cosC, 
and the denominator 

{BC - B'C) am A + {AC -AC) sin5 + {AB' - A*B) sinC. 
Now let the equation to the ellipse be 

ipr^ + mria + nafi s (1) I 

therefore tangent at 

A will be n/3 -(- 9717 s 0, 

B ^ + no tsO, 

C ma-\. Ip =0. 

•rr t^mArt W-mCOS^ m.hva-d »W-nC08-4 

Hence cotT^ C « : — r — , cotr'^J? = ^ — j- ; 

m sm ^ - n sm ^ 



f 
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thereforei when the foci are on the sides of the triangle 

n-m. 

Since, hy the well known property of the ellipse, UT is per- 
pendicular to AC. The equation to J^Twill be 

i»(l -cosul) a + (m cosC-/ cos-4))3+ (m co8C-/)7 = 0...(2), 

Similarly, the equation to TD will be, recollecting that n^mt 

m(l-cos^)a+(mco85-?)/8 + (mcosjB-^co8-4)7=0...(3). 

Hence we must evidently have for the axis-major of the ellipse 

i»(l - cos-4) a-i- [m cobB - ^) )3 + (m cosC- 07 = 0...(4), 

We will next proceed to find an expression for the axis- 
minor. 

The equation to the axis-minor may be readily found by 
making the proper substitutions in the result of question (62). 

But the operation may be somewhat abridged by the 
following process: 

We know that the center of this conic may be determined 
by the equations 

P'Q'^ W» 

where P ^m( J sin -4 - m sin .B + m sinC), 

Q = m( J sin -4 + m sin -B - m sinC), 
12 = / (- ^ sin -4 + m sin -B + m sinC). 

Draw a line through the vertex of the triangle of reference 
perpendicular to the axis-major, which may be represented by 

/3 + A7 = (6), 

and the equation to the axis-major is 

m (1 - cos -4) a + (m cos -B - /) )3 + (m cosC- J) 7 = 0...(7)* 

The condition of perpendictdarity between (6) and (7) is 

- -B , fA = m cosC- m cos -B + ^ cos^ - /, 
'^ A ' \b stncoaC-mcosB-lcosA + h 

Now any line through the center may be represented by 

\Pa + (Q - XJK) /3 - P7 « (8). 
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Now if (8) be parallel to (6), we must have the condition 



X = 



(J5Q4.^P)8in^ 



JSRainA- BP unJB' AP sinC 
and we have for the axis-minor 

{BQ + AP) sin^ . a - {AR sin A + BQ onB + AQ sin (7) fi 

+ (BR Bin A - BP sin JB - AP ainC) = 0, 
hence, by substitution, we have 

(i?Q + AP) sin ^ = 4;m* (sin B - sinC), 
AR sin A' BPsinB-AP sinC 
a Tsin'^ (I - cos -4) 

- Pm sin A {sin A (cosC - cos J5) + 2 sinC (1 - cos A)} 

- /m'(sin^ - sinC) (3 sinJB + 3 sinC cos-4 + sin-B cos^ + sinC) 
+ m' (sin* 5 - sin*C) (cosC - cos B)^ 

{BR sin ^ - -BP sin 5 - AP sin C) 

« rsin*-^ (I - cos^) 

+ J^m sin -4 {sin -4 (cosC- cos 5)- 2 8inC(l - cos^)} 

- /m» (sin B - sinC)' (1 - cos^) 

- m'' (sin* B - sin*C) (cosC - cos B). 

Therefore if the foci of the ellipse be upon the sides of the 
triangle of reference as enunciated, we have, for the axis-majori 

m (1 - cos -4) a + (m cos 5 - /) )3 + (m cosC - /) 7 = 0, 

and for that of the axis-minor 

0=:o|4/m*(sin-B-sinC) 

+ rsin*-4(l - cos^) 

- /"m sin A {sin A (cosC7- cos B)^2 sinC(l - cos A)\ 
+ lm\BinB - sin C)(3 sin J5 + 3 sin C.qobA + sin j^.cos^ + sin C) 
+ m* (sin* B - sin*C) (cosC - cos B) 

+ r8in*^(l-cos^) 

4 /*m sin -4 {sin^ (cosC- cos B) - 2 sinC(l - cos^)} 

- /m*(sin B - sinC)* (1 - cos^) 

- m' (sin*-B - sin*C) (cosC - cos B), 



-p 



+ 7 
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The equations to the lines passing through the foci and per- 
pendicular to the tangent at A^ %.e, 

{ox JEZ m{i -COB A) a^{mxiOsB+ /))3 + (mco8C- ^7 = 0, 
DF m(l-co8^)a + (mco8^- 0/3 + (mco8C- /)7 = 0; 

for JET m(l-co8^)a + (mcosJ5-3/)/3 + (mco8a- /)7 = 0, 
2)rm(l-cos-4)a + (mco8-B- 0)3 + (m co8C-3/)7 = 0, 

by subtraction /3 - 7 = 0. 

Hence ^T and DT intersect one another on the normal at A, 
ifirhich is the angular bisector at that point. 

It is quite evident the result of the equation to the axis- 
minor may be derived by substituting for the values of I, m, », 
in the resulting equation of Ex. 62, Chap, i., p. 20, the re- 
spective coefficients of a, p, 7 in the equation to the axis- 
major; that equation may be first reduced into the following 
form, viz. 

/ {? sin (5 - C) + (m* - n*) sin^ - 2/m sin B + 2/» sinC} a 

+ IP (I sin-B - 2m sin ^ - n sin 2JB) + m* {I sin (^ - C) + n sin'2-4} 

+ n' (/ sin j^ - 2m sin A) + 4/mn sin A . cos B"] fi 

*• [P {I tmC - 2n sin -4 - m sin 2C) + m* (I sinC- 2n sin A) 

+ n* {I sin (^ - J?) + m sin 2A} + 4/mn sin -4 , cosC] 7 = 0. 

105. An ellipse is described so as to touch the asymptotes 
of an hyperbola; shew that two of the chords joining the 
points of intersection of the ellipse and hyperbola are parallel. 

196. If afi ±: f^ be the equation to an hyperbola, then 
«/3 = 0, o* - ^* =5 0, a* - n*fi^ - are the respective equations 
to the asymptotes, the axes and a pair of conjugate diametersy 
fi being constant. 

197. Find the locus of the intersection of a per])endicular 
through the focus with the tangent, and apply the condition 
proposed in question (79) to shew that it will be a circle^ the 
fod of the ellipse being in the sides of the triangle. 
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198. Also yfhen the foci are in the sides of the triangle, 
find the locus of two tangents at right angles to each other. 

199. Prove that the straight lines represented by the 
equation 

(«»- /S*) 8ina+ Aj(a sin -4 + p sin 5) 08 cosJP - « cos -4) = 

are parallel to the axes of the conic section 2a^ s kf^, where 
A, B, C are the angles of the triangle formed by the three 
given straight lines. 

200. The equations of three straight lines being assQ, 
P -Of 7 = 0, and of two conies 

afir^^Y and 7a = X«^ (1), 

let it be required to find a tangent common to both. 
Let this tangent be represented by 

/a + m)3 + n7 = (2) } 

therefore « = ^ — - and 7 = , 

/ n 

substituting these values in (1), two secants will be repre- 
sented, one to each conic; and if these secants become tan* 
gents they must be perfect squares, and we get the conditions 

— = - , -r = 4ttX*, and -r = 4\u* : 
n fjL I I 

substituting these values in (2), we get, for the equation to the 
tangent common to the two conies, 

a + 4\^ (\/3 + ftri) = 0. 

201. A triangle ABC is inscribed in a conic, and has the 
interior bisector of its angle A, a normal to the curve ; shew 
that the side ^C passes through the pole of the normal. 

Since /3 - 7 » is the normal at A^ 

/3 + 7 s must be the tangent at A^ 
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and the tangent at the other extremity of the pole is 

2a + y3 + 7 = 0. 

Hence the tangent /3 + 7 » intersects BC at the pole of 
^-7 = 0. 



202. Shew that 
'as cos A 



/as cos A \ 



hs cos B 



'V 









a 
h 



cs cosC 



-.) 







a, 5, c, 

is the equation for determining the axes of the conic whose 
equation is 

wa* + r^ + tr7» + 2m'^7 + 2vf^a + 2u;'a/3 = 0, 

where s = a5c 
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For the inyestigation of this question (vide Ferrers' TWIuMar 
Coordinates, p. 89). 

203. Prove that the area of the foregoing conic will be 
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204. If an ellipse of given area be circumBcribed about 
a given triangle the locus of the center referred to the same 
triangle will be represented by the equation 

(ft/3 + C7 - aa) (c7 + aa - bfi) {aa + 5)3 - C7) = Ca*fi^<f, 

C being a constant depending on the lengths of the sides of 
the triangle {vide Solutions of the Senate^Hotue Problems and 
lUderSf by the Moderators and Examiners, for 1864, p. 164). 

205. Let the conic about ABC in (Ex. 194) be the hyper- 
bola. Now considering when the hyperbola and the ellipse have 
the same foci, the tangents at their point of contact are at right 
angles to each other, we shall have, for the tangent at A, 

/3-7 = \ (1). 

Now the tangents at B and C must be respectively repre- 
sented by 

(/cosJ5-n)7 + (/ -ncosB)a =0 (2), 

and (m cosC - « + ("»- ^ cosC)/3 = (3). 

Hence we obtain the equations to the two perpendiciilars from 
the foci upon the tangent, viz. 

(1 + cos^) (/ - n cos 5) a - n sin* B.fi 

+ {{I cos 5 - n) (1 + cos -4) + n sin»5} 7 = (4^ 

and (1 + cos -4) (m cosC - ^) o 

+{(m-/co8C)(l + cos-4)-msin*C})3-(l + cos-4)7=0...(6)5 

therefore, for the equation to the axis-major, we have 

/I j\ nsin'J? ^ 1+C08-4 ^ 

(1 + cos^) a - -= = p ;= — - 7 « 0, 

^ ^ /-ncosJB'^ mcosC-/ 

but since the tangent at any point of a hyperbola makes equal 
angles with the focal distances, we have 

and therefore the equation to this axis becomes 

a.^ msin'^ ^. 1 + cos^ . 

+ cos -4) a + r = ^ + =- ^7 = 0. 
' / + m cos J9 ^ + m cosC ' 
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To find the axis-minor, in Question 62, Chap. I., substitute for 
/, 171, ft in the resulting formula 

, . msin'j? , 1 + cos^ 

1 + cos^, ^ =, and = p=. 

/ + m cos ^ / + m cosC 

206. To find expressions for the axes of the conies repre- 
sented by the equations 

l^ + i»7a + na/3 ■= (1), 

and VKfc)} + V{(«»/3)} + V{(n7)} = (2). 

In the first case let 

F^m( /sin^-msin^ + it sinC), 

Q^ n{^ /sin^-t-msin^-nsinC), 

J2a /(- /sin^ + m sinJ9- n sinC). 

In the second let 

Q a % + mtti 
In each of these cases the centers will be determined by 

P"0"5 ^^J- 

Now if X and X' be two arbitrary constants, and two lines 
passing through the center may be represented by 

\(ioL - Q/3 + (P - XJR) 7 = (4), 

\::Ba - (Q + VjB)^ + P7 = (6). 

Now the equation to a tangent to (1) at the point ^ + A7 s is 

(tiA -mfa^ Imfi + A*lri7 = (6), 

and the equation to a tangent to (2) at a point /3 - A7 » is 
Ma - y(mh) + VW} m^p - y(mh) + V(n)} n^li^ = 0...(7). 
Either (6) or (7) may be represented by 

Xa ^Yp -^ Z^ =0 (8), 

(4) may be written X'a + T'P + Z'7 = (9), 

(6) may be written X"a + T'p + Z"7 = (10). 

H 
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Now if (9) be the axis-minor it must be parallel to (8% and 
we have the condition 

(YZ'-Zr) BiaA^iXZ'-Z'X) BinJ5 + (Jf F'-X'F) 8inC=0, 

whence (Z sin5 + FsinC) ^ - (YsinA + X sin J9) ^ 

- (X sinC- Z sin A) = (11). 

Now comparing (9) and (4), we get 

X' . , Z' P'\R 
— = — A and - — = • 

From which we obtain 

^ P (F sin^ + X sin jg) - (X sinC-ZsinA) 
* Q(Z sin^ + FsinC) + 22 (Fsin -4 + X sin J9) ' 

P-EK ^ P (Zsin^ + r sinC) ^ B{X sinC- Zsin A) 
Q Q (Z sin -B + F sinC) + J? (JT sin^ + X sinB) ' 

Therefore the equation for the axis-minor will become 

{P(Fsin^+-2'sin5)-Q(-X'sinC-Zsin-4)}a 

- [Q (Z sin B + FsinC) + J2 (Fsin -4 + X sin B)} /8 

+ {P (Z sin-B + FsinC) + J2 (Fsin^ + X sin^)} 7 = 0...(12). 

Again, for the axis-major we must have the condition 

XX" + FF' + ZZ' = (YZ" + F'Z) cos A 

+ (X"Z + XZ") cos B + (X"F+ XF') cosC- ; 

X" Z" 

therefore (X-Zcos5-FcosC)^+(Z-Fcos-4 -XcosJ5)^ 

«= Z cos -4 + X cosC - F. 

But from comparing (5) and (10), we have 

X' VP , Z" P 

and -==7 =- 



F' Q + VJ2 F" Q + VJ2' 

Hence we get 

. , ^ Q (Y-Z cos A - XcosC) -P(Z- Fcos^ -XcosJg) 
''P(X-Zco8JB- FcosCj-jBtF-Zcos^-XcosC) ' 
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and by substitution we obtain 

{Q(F- Zcos^ - XcosC) - P{Z' YcobA - Xcos5)}a 
- {Q (X- Zcos J5 - FcosC) - It (Z- YcosA - X cos J?)}/8 
+ {P(X-Zcos5-Fco8C)-22(F-Zco8^-XcosC)}7 = 

(13). 

207. Let an ellipse be inscribed in a triangle ABC in such 

a manner that the axis-major may coincide with the angular 

bisector at A, 

Now we can write 

P for na + Ic, 

Q for /5 + rnGf 

J2 for mc + nb, 

and the center of the conic section may be determined by the 
equations 

^ ^ X 
r" P" Q' 

Then let it be required to find the axis-minor, since the ex- 
pression for the axis-minor is {vide (12), p. 74} 

{P(Fsin^ + Xsin^) - Q(XsinC- Zsin^)}a 

- {Q(Zsin5 + FsinC) + 12(Fsin^ + Xsin5)}j3 
+ {P(Z 8in5 + FsinCT) + 22(Fsin^ + Xsin^)}^ = 0, 

and the equation to a tangent at the point /3 - A^y = 0, 
Ui^ - W(mh) + V(«)} mh - W(mh) + V(»)} n^h^y = 0. 

Then, for the tangent where /3 - A^y =3 cuts the conic, we 
must have A a 1 • therefore 

la - {V(m) + V(«)} y/(m) ft - W(m) + V(«)} V(«) 7 = 0. 

In order that this may be a tangent at the extremity of the 

axis-major, we must have the condition that it may be parallel 

to the line represented by 

^ + 7 = 0. 

That condition will be 

, (m- n) sin A 

sin ^ + sinC ' 

&3 
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and this tangent becomes 

y{m) - VW} sin^.* - »»* (elnJB + sinC) /3 - «* (sin^ + sin (7) 7 = 0, 

and we have 

X = {V(m)-V(«)}Bm-4, 

F=-i»*(sin5 + 8inC), 

Zb- n*(sin-B + 8inC). 

Substituting these values of X, F, Z in the expression for the 
axis-minor, we obtain the equation 

(P + Q) sin -4 . a - { Q (sin 5 + sin C ) + 12 sin -4} /3 

+ {P (jdnB^ sinC) - Jt aiaA}'^^ 0. 

208. Supposing it were required to find a tangent to this 
inscribed conic, such that it should be perpendicular to the 
side AC of the triangle of reference where /3 = 0. 

Let -da + ^/3 + Oy B ....(1) 

represent that line. 

Now since it is perpendicular to /3 = 0, we must hare 

^ B ^ cosC + C cos A, 

also combining this with the condition 

we get 

A*n cos(?+ AC{n cos A -i- 1 cosC+ m) + CH coaA = 0...(2); 

therefore A ^{n cos C)^C ^{l cos -4) = ; 

therefore A ^^{UosA) 

C V(wcosC)' 

therefore g^, V(^co«^'CosC-)- V(n)cos^^ 

c Vw 

and / cosC - 2 ^{In cos ^ . cosC) + n cos ^ + m » 0...(3), 

and we have, for the tangent required, 

^{l cos ^) a + -/(cos A • cosC) y{l cosC) - V(« cos A)} p 

- V(» cosC) 7 = 
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and since from (3) we get 

*J{1 cobC) - V(w cos A) = ± V(- m), 

and substituting the positive sign, we have, for the tangent, 

V(? cos A)a^ *J{- m cos ^ . cosC) i3 - V(» cosC) 7 = 0...(4). 

That this equation represents a tangent to the conic is 
manifest since 

L_ + ___^^ 1_=0 

V(/ COS A) V(- m cos ^ . cos C) V(** cos C) * 

I '■■jn n ^ 

V(co8-4) VC" ''^ cos^.cosC) V(^ cosC) ' 

or V(^ cosC) - V(- »») - V(** cos A) = 0, 

which is true, since 

V(/ COSC) - V(W cos -4) = 'y/(- m). 

It is also perpendicular to the side of the triangle P a 0, as it 
satisfies the criterion, yiz. 

cos(o-/3)y'(;cos-4) + 'y/(-m cos-4.cosC)- cos(i3- fy) V(n cosC)»0. 

In the same manner it may be proved that the equation to 
a tangent perpendicular to AB of the triangle of reference, 
where 7 = 0, will be 

*J{1 cos A) a- *J{m cos J?) /3 + V(~ w cos ^ . cos J?) 7 ss 0, 

which is true, being subject to the required conditions of tan- 
ge&cy and perpendicularity, with a further condition that 

*J(l cos B) - *J{rn cos A) = V(- n). 

209. A parabola described about a triangle is determined 
by the equation l^ + ^170 + »o/3 = ; it is required to deter- 
mine the position of the focus when it lies in the base BC of 
the triangle of reference. 

The tangent at 

^ is n/S + m7 = (1), 

J?... ^ + wo ssO (2), 

C.ma^ IP =0 (3). 

H3 
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Now if the tangents be drawn at the extremities of the focal 
chords they will intersect each other at right angles on the 




directrixi and the lines joining the points of intersection of the 
tangents so drawn are perpendicular to the focal chords. 

The condition that (2) and (3) may be perpendicular to 
each other is 

/ (/ cos ^ + m cos B) 



n = 



m- I cosC 
and the line ST msiy be represented by 

(m + \w) a + ?/3 + \^ = 0, 



where 



m - I cobC (m-lcosC)* 
IcosB -n I* sin B . sin C^ 



therefore wi + \n = m - 



(m - / cosC) (/ cos ^ 4- m cos B) 



P co&A . cosC + 2lm cosB . cosC - m* cos^ 
^sin^.sinC 
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therefore the equation to ST is 

(P COB ^ . cosC + 2/m cos JB ,cosC-m* cos JB) a 

4 ? sin ^ . sinC /3 - (m - / cosCT)* 7 = 0, 

hence the position of the focus jS' is determined. 
If a = 0, we have, for ASA', 

;« sin ^ . sinC. i3 - (m - / cosC)* 7 c= 0, 

and the equation to ST' will be easily determined. 

210. Bequired to find the normals at C and B, 
A normal at C will be represented by 

(m cosC- Q a + (f» - ; cosC)i3 = 0, 

and the normal at JS, bearing in mind that 

/ (/ cos ^ + m cos JB) 
m-lcosC * 

since in the parabola the two tangents are perpendicular to 
each other, will be 

I sin (7. 7 + (/ sin ^ - m sin J?) « = 0. 

Again, if iif be the middle point of BC, we shall have, 

for AM, 

^ sin J? - 7 sin (7 = 0, 

and it is known that a line passing through the intersection 
of the normals and the middle point o{ BC will be parallel 
to the axis; and since the tangents and normals here con- 
structed form a parallelogram, of which this line must form 
one of the diagonals which will evidently pass through T, 
and can therefore be represented by 

(? sinC. cos A-YlmmiA- m* sin B) a 

-lim-l cosC) (/5 sin J? - 7 sinC) = 0. 

Now the axis of the parabola will pass through the intersection 
of the lines 

a a and r sin ^ . sinC /S - (m - ^ cosC7)'7 a 0, 
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and the axis will be determined by the equation 

{rsinCcos^ + Im siaA - m* sin ^ •)• A ain ^} a 

+ {ft Bin5 - /(m - / cosCT) ain^jyS 

+ {k sinC + /(m - / cosC) sinC} 7 = 0, 
and when a » 0, 

B (m-lcosCf 

7 i^'sin^.sinC 
therefore * o ^(m- ?cosC){(m -jco,Cy- frin'O 

and the equation becomes, for TJH, 
sin J? {^ - 2/m (/* - m«) cosC- m*} o 
- 2/(m - / cosC) sinC{P sin^.sinC./S - (m - / cosC)«7} = 0. 

Again, a line passing through T and perpendicular to TM 
will be the directrix, of the parabola. 

Let P = P sinC cos A ■\-lm sin A - m* sin B, 

Q^leinJB (m-l cos (7), 

JK = / sinC(m - / cosC). 

Now the directrix may be represented by 

(m + An) a + (|3 + A^Y = 0, 
where 

(m-/cosC){P(/cosC-m)4-Q(/-m co8C)-i-JK(/co8^+m cosJ?)} 
• / sin-B [PI 8inC+ Qm sinC+ JB (m sin5- / sin-4)} ' 

therefpre m + An = a fraction, the numerator of which is 
P [P cos Ailm cos J? (1 + cosC) - m* cos B] 
+ Q {/• cos -4 + /m cos B{1 - cos (7) + m* cos A) 
+ JB {/■ cos -4 + /w (cos 5 - cosC) + m*}, 

and the denominator 

Bin B [PI sinC-^- Qm sinC+ JB(m sin -B - / sin ^)}. 

211. Let a conic touch the three sides of a triangle ABCf 
yiz. BC externally and AB and ^C produced; find the equa- 
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tions to the tangents QTy qt respectively perpendicular to « e 
and fi^O, also find the equations to the chords of contact. 




--7+ T> + 7.= (3), 



(P 
If 

A B 

Now the equation to the conic thus enunciated will be 

V{(- ««)} + -JiimP)} + V{(«7)} = {!)• 

Draw a tangent to the conic at right angles to a s 0. 

Let ^a + J?y3 + Oy c= (2) 

' e the tangent required; then there will be two conditions 

I m n 

— + — + — 

A^ B^ C 

and A es B cosC -i- C cob B (4). 

From (3) and (4) we obtain the equation 

-W» cosC+ BC{n cosJ? + m cosC- /) + C*m cosB = 0...(5), 

which must be a perfect square, and 

/ + 2 ^/(mn cos B • cosC) - n cos ^ - m cosCa • 

therefore, we have 

C ' " V ( n Zlc ) ' ^' '^^^^ " '^^^ ^^^ ^^ " ^^"* ^°*^^ 
A III cos ^\ 

and therefore the equation for TQ is 
VC cos 5 . cos C) a - V(*w cos J?) j3 + V(w cos C) 7 a 0.,.(6). 
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Again, to find the tangent at t, by the 8ame kind of prooeOy 
we get 

V(^ cosCT) - ^{- n COS A) + V(»>) == 0, 

and ^{l cosC) - V(- n cos ^) - \/(m) = ; 

therefore, for the equation to the tangent at t and at right 
angles to )3 = 0, we have 

V(^ cos ^) o + V(m cos A . cosC) )3 - V(- » cosC) 7 = ...(7). 

Next, let it be required to find the chords JPQ andpq. 
If in the equation 

Pa* + m*^ + nV - 2mn^ + 2w^a + 2/may3 s 0...(8) 

we make o = 0, then ± {mfi - nr^) = will represent AP ; 
therefore the equation to the chord PQ will have the form 

X^ ± (mfi - 117) = 0, 

squaring and subtracting it from (8), we get 

a {{P - \«) a + 2»n (/ - X) ^3 + 2» (/ + X) 7} = ; 

2m 2n 

therefore o = and o + «= — :- fi + = — r- 7^0 represent the tan- 

gents at the extremities of the chord PQ ; therefore we have, 
for the chord PQ, 

(m cosC- n cos JB)a± (m)3 - nr^) = (9). 

By a similar process we obtain the equations to the tan- 
gents at the extremities of j9^, yiz. 

w -f- A. tn — X 

therefore we get for the chord j?^ the equation 

la + V(»J) y(l cobC) + v/(- n COB A)} ^ + n7 = 0...(10). 

212. Let it be required to find the normals at the points 
P and Q in the foregoing. 

Now the normal at P will be perpendicular to a a 0, and 
as it passes through the intersection of the lines represented by 

(» cos ^ - m cosC) a + mfi - n7 = 0, 

and a a 0. 
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The equation to the normal at P will be 

(m cosC - n cos J?) « + m/3 - n7 = 0. 

Also the normal at Q will be parallel to a &= 0, and will pass 
through the intersection of the lines represented by 

^{l cos B.cobC) a- Aj{m cos B)p^ ^{n cos C) 7 a 0, 

and (n cos ^ - m cos<7) a + mfi - n7 = j 

therefore the equation to the normal will be 

{2 (m sinC + n sin ^) V(cos J? . cosC) + ^{mn) sin A] a 

- V(»»») (/3 sin jB + 7 sinC) = j 

therefore the equation to the line passing through the inter- 
sections of those normals and tangents will be 

(3 V(cos JB . cos C) {m sin (7 + n sin J?) + 2 sin ^ V('wn)} a 

nsinJ^ + msinC , ,. _.^ _ ,, >v% > rv 

- Tr xTT 7/ 7r^ W(^ cos ^)P- V(» cosC) 7} = 0. 

V(« cos -&) - y(m cosC) ^ ^ ^ ' ' 

213. If a conic section be inscribed in a triangle and have 
one of its foci on the perpendicular from the vertex upon the 
base. To determine the focus, the axes, and directrix. 




Let the usual notation be adopted. But by Question 74, 
Chap. II., A* a ± W ( — p^) , and since the equation to AD i» 

)3 cos J? - 7 cosC = ; 

therefore the equation to the tangent where this line cuts 
the curve is 

± / -/(cos-^ . cosC) a - {± V(»» cosC) + V(n cos J?)} V(m cosJ?) p 

- {V(m cos (7) ± V(** cos B)] V(w cosC) 7 = 0, 
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80 that the equation to the tangent at the point of contact S 
will be 

l^(coB ^ . COS (7) a - y{fn cobC) + V(» cos B)} 

X y(m cobB) fi + V(« cosC) 7} o (1), 

and that at the point of contact K 

I V(cos 5 . cosC) o - {V(»» COS (7) - ^{n cos J?)} 

X {V(m cos B)P'- V(» cosC) 7} = (2). 

By subtraction, we get 

)3 cos^ + 7 cosC= (3), 

which is a line upon which these two tangents meet. 

Then the line TS perpendicular to AD will pass through 
the focus at 8 and can be represented by 

/ '/(cos J?, cos C) a 

- IWim cosC) + V(» cos B)} V(»» cos ^) - X cos B} p 

- [{V(»w cosC) + V(» cos 5)} V(» cosC) - X cos C] 7 e 0, 

and subjecting this equation to the condition that it should 
be parallel to BC, we get 

^ {y/(m cosC) ■{- V(n cosJ?)} {sin Jg V(n cos C) - sin C^(m cosJ?)} 

sin (^ - C) • 

Hence the equation to T8 will become 

Bm(J?- C) la-(rn cosC-n cos 5) 03 sinJ?+7 sinC)=0...(4)5 

therefore, for CM I sm{B -C)a-{m cosC- n cos^) p onB = 0, 

BN I sin(J? -C) «- (m cosC-n cos5) 7 sinCcO. 

And by subtraction we see that CM and BN intersect in the 

line which joins the vertex A with the middle point of the 

opposite side 

^ sin J? -7 sinCeO, 

which is a well known property. 

Now the axis-major can be obtained from the equation 

/ sin (B - C) a - {(m cosC - n cos^) sinJ9 - fi cosB}p 

- {(m cosC - n cos B) sinC + fi cobC] 7^0, 
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when this line passes through the center of the conic, it must 
be satisfied by the coordinates of the center {vide Question 89, 
p, 33). Hence 

sin^ {l{ m sinC-n sin.g)4(mco8C-n C08j?)(n sin J? fin sinC)} ^ 
^~ / sin (-5 - C) + sin A (m cosC - n cos B) * 

therefore the equation to the axis-major will be 

/sin(jB-C) {/ sin (^ - C) + sin -4 (m cosC-n cosjB)}o 

- [/ [m (cos B - cos Cy - 2n sin' J? . cos ^ . cos C) 

+ m sin'^ (m cosC - n cos B)"] p 

- \l {» (cos B - cosC)* - 2m sin'C cos B , cosC} 

- n 8in'-4 (m cosC7 - n cos B)"] 7 = 0. 

214. Let the focus of the ellipse be on the line joining A 
with the bisection of the opposite side. 

Here h = . ^ ; 

sinC 

therefore the tangent at H will be 

/ V(sin J?.sinC) - {V(m sin C) + V(« sinJ?)} V(m smB)fi 

- y{m sinC) + V(» sinJ?)} V(» 8inC)7 = 0. ..(1). 
The tangent at K will be 
I V(sm-B.sin C) - W{m sin C) - V(w sin^)} V(»» sin^)^ 

+ {V(w sin C) - V(» sin^)} V(« sin C)7 = 0. . .(2). 

By subtraction 

)3sinJ? + 7sm(7=0, 

which shews that the pole of HK is on a line drawn through 
A and parallel to the base BC. 
Since the equation to the conic is 

Pa* + m*^ + nV - 2mw)37 - 2n^a - 2/maj3 ss 0, 

if JB and JP be the points of contact, the chord will be 

la - mfi - «7 ?= 0, 

Z 
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and if iS be the position of the focus, the equation to ST, since 
AD is a focal chord, will be 

A 




aan*A,Bm{B -C) 
+ p {sin ^ . sin J? . sin (jB - C) 

+ ?(m sinC+n sin^) (sinC+ sinP.cos^)} 
+ 7 {sin -4 . sinC sin (J? - C) 

+ l{m 8inC7+ n sinB) (sin J? + sinCcos^)} a 0. 

Now call the coefficients of a, )3, 7; U, V, W, then the 
equation to some line passing through the focus can be re- 
presented by 

CTa + (r+ X sin^) )3 - X7 sinC= 0. 

But if that line pass through the center also, it must be satisfied 

by the equations 

a ^ 7 

From which we get 

"QsinC-Psin^* 
Therefore we have for the equation to the axis-major 
U{Q sinC- P sinP) o + (VQ 8in(7+ JZCTsinJ?) p 

- (PCT+FP) •BinC.7=0. 

215. Find the equation to the radical axis of the inscribed 
circle and the circle through the middle points of the sides of 
a triangle 

aCOSJ^ P cos \B 7C0S^C ^ 

sin J(^ - C) "*■ sini(C- A) ^ sin J(^ - P) " * 
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216. Find the locus of the pole of a given line 

la + mp + n7 = 0, 
with regard to a conic which passes through four fixed points 

217. Find the locus of the pole of a given line 

la + mp + n7 = 0, 
with regard to a conic which touches four fixed lines 

Va ± m'p ± #t'7, 

I m n 



19 
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CHAPTEE III. 



TANGENTIAIi OOOBDHTATES. 



218. In discussing the Method of Trilinear Coordinates, it 
has been understood that the position of a point is deter- 
mined by its distances from three fixed lines; but in the 
system of tangential coordinates the position of any right 
line is determined by its distances from three given points. 

Let AF = a, 

Let ^2) = ai, DC=a^i 




therefore 



1^1 



<H 



which is the relation between the coordinates of any line 
passing through 2). 
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It must be remembered that distances measured from B 
to C are positive ; but when measured from C to ^ they are 
to be considered negative; in this case we assume D to be 
nearer C than B» 

Now if D be the middle point of BC, 

therefore /3 + 7 = 0. 

Similarly, if E be. the middle point of A C, 

7 + = 0, 
also if JP be the middle point of AB, we shall have 

a + )3 = 0. 

219. Required to find the equation to the points where the 
angular bisectors cut the opposite sides. 

V 




13 
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Draw ^Jlf perpendicular to CF, 

BN AD, 

CP ^^produced, 

BR /. CF produced, 

C8 ^D produced, 

AQ BE, 

lince AD bisects the angle BAC, 

BN= c sin iAf or /3 = c sin iA, 
CS^h sin iA, or 7 = - 6 sin J-4 ; 

for the point D, we have 

— = --, or5/3 + C7 = 
7 



Similarly 
and 



.(I). 



Similarly, for JE, we have C7 + «« = 

F, aa + 6^ = 

Next let ^Fbe an external bisector, 

AM' perpendicular to ^F, 
C8' J^Fproduced; 

therefore AM* = a bc cos^J?, 

CS'^rf B a cosiB; 

therefore we have 

- = - , or C7 - ao =3 for the point F 

aa ~W fsO for the point W 
5/3 - 07 B for the point U , 

By adding together the equations (1), we have 

a + /3 + 7 = 0, 

shewing that AD, BE, CF meet in a point. 

By addition in equations (2) they vanish ; hence U, V, W 
range in a straight line. 



(2). 
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220. The bisectors of the sides of a triangle meet in a point 

a + /3 + 7 = 0. 

This point is evidently satisfied by o + j3 = and 7 = 0, the 
coordinates of the line joining C with the middle point of AB, 
Similarly, this point will be satisfied by the coordinates of 
the line joining B with the middle point oi AC, Tiz. 

7 + = and i8 = j 

the same may be said of the line joining the point A with the 
middle point of BC, whose coordinates are 

i8 + 7 = and a = 0. 

We may observe here, that in tangential coordinates the con- 
dition that three straight lines meet in a point, is the same 
as the condition that three points lie in a straight line in 
trilinear coordinates and vice versd, 

221. If O be any point within the triangle ABC, then the 
coordinates a, /3, 7 on any straight line passing through it, 
will be connected by the following equation (having regard 
to their proper signs) 

a area50C+ /3 area^OC+ 7 area^O^ = 0. 

Let ABC be the triangle, the given point within the 
triangle, QR any line drawn through O. 




Join-40, jB O, and CO. 

On QB let fall the perpendiculars AP, BQ, CR, Draw 
0/S^ parallel to BQ or CR. 
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Let AP = -a, BQ-^p, CR^^. 

Then 2^P. area ^Oe=^ 0.^0. CO. sin ^OQ. sin J^OC, 
and 2Ci2.area^O^ 
a A O.BO. CO.co%OCB{BmAOQ.cosBOQ ^amBOQ.coBAOQ), 

2BQ.eLTe&A0C 
^ A O.BO, CO. cos OB QisinA OBxos COR + sin CORxosA OR), 
since cos CR « cos COS, cos BOQ = sin B 08, 

sin BOQ ° cosO^Q, cos^ OQ ^ - cos^O^; 
therefore 2{CjB.area^0^ + ^Q.area^OC} 

^AO.BO.CO.smAOQ.BinBOC. 
Hence, since a has been taken negative, 

a.areajB0C7+ /3.area-40C7+ 7 . area ^ O^B = 0, 
as was required. 

222. The bisectors of the sides of a triangle meet in a 

point, viz. 

a + /3 + 7 = 0, 

which is also the center of gravity ; and since the point is 
the center of gravity, by the last proposition the three tri- 
angles must have equal areas, hence the above form. 

223. The center of the inscribed circle will be given by 
the equation 

a sin ^ + /3 sin jB + 7 sinC = 0. 

224. The center of the circumscribing circle wUl be given 
by the equation 

a sin2^ + /3 sm2^ + 7 sin2C=: 0. 

225. The three perpendiculars let fall from the angular 
points of a triangle upon the opposite sides meet in the point 
represented by 

a tan ^ + /3 tan ^ + 7 tanCs 0. 
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226. The centers of the escribed circles will be determined 
by the equations 

- a sin A + P ainJB + 7 sinC= 0, 

a sin -4 - /3 sin 5 + 7 sin C7= 0, 

o sin^ + /3 sin -B - 7 8inC= 0. 

227. The middle points of the diagonals of a complete 
quadrilateral lie in a straight line. 

Let ABC be the triangle of reference, 2) any point without 
it, forming the parallelogram A3 CD, let BA and CD be 
produced to J^ and DA, and CB to F, 

For A, B, C, Df we have 

= 0, /3 = 0, 7 = 0; Za + in)3 + n7 a 0. 

For the middle points of the three diagonals 

a 4- /3 = 0, (Z + m + n) /3 + (Za + m/3 + 117) = 0, 

and /n (a + 7) + {(Z + m + n) )3 + (Z« + m/3 + n7)} = 0, 

The results in questions (223), (224), (225), (226) may be put 
under the forms respectively 

aa + 6/3 + C7 = 0, 
aa cos A -^^ hp COB B -\- Cff cosCa 0, 



aa op 


cosC7 





COS A cos B 


^aa-{-hp^ 


C7 = 0, 




aa-hp^ 


C7 = 0, 




aa + 6/3- 


C7 = 0. 





228. If any straight line cut the sides of a triangle, viz. 
AB and AC of the triangle of reference ABC in D and J5, 
and if from A, B, C perpendiculars be let fall AP, BQ, CR 
upon DE. 

If AP = --ai BQ = py CR^^, 

the following relation will exist between the coordinates 
V(p - of + c«(7 - «)• - (6«+ c" - a«)03 - a)(7-a)B W sin«^, 
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or o'(a-/3)(a-7) + 6«(/3-7)(/3-a) 

+ c«(7 - a) (<y - /3) o 4 (areay ABC. 

A line at infinity may be considered as equidistant from the 
points Af Bf C; therefore 

{vide Ferrers' IViHnear Coordinates, p. 124). 

229. Apply tangential coordinates to proye that the cen* 
troid of a triangle, the Intersection of the perpendiculars and 
the center of the circumscribed circle are in the same straight 
line. 

Making use of the notation of Questions (222), (224), and 
(225), we find that the determinant 

sin 2^, sin2P, sin2C7 
tan^, tan^, tanC « 0. 
1, 1, 1 

230. The equation of the conic inscribed in a triangle is 

up + m/37 + »7a = 0. 

231. The equation of the conic circumscribing a triangle is 

y/ila) + V(»»/3) + V(«7) ■= 0, 
or, in its rational state, 

ra« + m*/8" + nV - 2wn)37 - ^^h^ " ^^tnafi « 0. 

232. The equation to the inscribed circle is ^ 

{8 - a) /37 + (« - I) 7a + (« - c) afi B 0, 
or /37 cot J^ + 7a cot J^ + afi cot JC7= 0. 

233. The general equation of a parabola touching the three 
sides of the triangle AJBCia 

ip^ + m7a - (Z + n) a/3 = 0, 

234. The equation to the circumscribing circle will be 
a^a* + 6*/8" + cV - 26V/37 - 2c»a V - 2a"6*a^ = 0, 
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which may be put in the simple form 

± aa^ ± 6)8* ± C7* =» 0. 

235. If W + m/S" + 117* + 21 p<^ + 2m'7o + 2n'a/3 = 

be the equation to a conic ; the equation of the pole of the line 
(a'/J'*/), with respect to the conic, will be 

(fc' + n'/3' + mV) a + (nV + m^ + ^V) i^ + (mV + T^ + nTO 7 = 0. 

And, since the center is the pole at infinity when a as ^ = 7, 
the equation of the center will be 

(/ + m' + n') a + (Z' + m + »') ^3 + (^' + w' + n) 7 = 0. 

236. In Question (235) shew that if the conic be a parabola 

/ + m + n + 2/^ + 2m' + 2n' = 0. 

237. Every circle may be represented by the equation 
a«(«-/3)(«-7) + 6-(/3-7)(^-«) + c«(7-a)(7-^) 

- (fo + m/3 + »7)' = 0. 
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CHAPTEE IV. 



QUADEILIKEAB OOOBDHTATES. 

238. If <t\ ^i f/t ^ be the perpendiculars from any point 

on the four sides of a quadrilateral, they are connected by the 

relations 

fo' + mis' + n7' + r^ = 0, 

art' + J/S' + C7' + J^' = «, 

where l, m, n, r, a, h, c, d are constant functions of the sides 
and angles of the quadrilateral. 

239. Shew that quadrilinear equations may be reduced to 
trilinear, by eliminating one of the variables ; for instance 

a = - (o + /3 + (y). 
What inference is to be derived from this transformation P 

240. Shew that the general equation of the second degrecf 
may be of the form 

Xa/3 + Xr^S + fiar^ -f- fi'P^ + vad + 1^/87 a 0, 

241. The straight line at infinity in its more general form 
has for its equation 

(^ + ic) a + (5 + ic) /3 + (C7+ ic)7 + (D + k) a = 0. 

242. Let ABCD be a quadrilateral of reference, the equa- 
tions to whose sides AB, BC, CD, DA are respectively 

aaO, /3 = 0, 7 = 0, asO; 
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constructing the figure as in the diagram, we have, for the 
three diagonals 

BD ( «+^ = 0l 

\or 7 + a = OJ * 

^^- { ;:ns}- 

A 




R F q JE 

Also for OE, a -7 = 0, CR /3 - 7=0, 

OF, /3- « = 0, BQ a-/3=0, 

AR a-a = 0, J)Q 7-d = 0, 

several interesting properties may be deduced from these 
equations, such as follow: viz. 

OF and BQ produced will meet on the line AR produced, 
OE and CR will intersect on BQ^ 
0^ and DQ will meet on ^iS, 
OF and CR will meet on jDQ. 

243. The general form for the equation to the conic cir* 
oumscribing the quadrilateral ABCB will be 

07 - ic/3i = 0. 

244. For the conic passing through ACEF, 

245. For the conic passing through BEFD, 

ad . icj97 B 0. 
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246. Find the general equation of an inscribed eonic fieet 
from the tenfis whose arguments are 

«", i8», 7«, i", 
{Mesunger of MathenuUics, Vol. I., p. 197) 

\, fif V being subject to the relation 

V(X) + VO*) + VW = ^ 

247. Prove that the condition, that the line a + /8 + 7 s 
may touch the conic represented by 

?o« + m*/3« + nV - 2mni87 - 2nJya - 2/ma/3 = 0, 
will be / + m + n B Oy 

square the equation to the line and add it to the equation to 
the conic, which being a perfect square, we get 

V{(m« + 1) (n* + 1)} = 1 - mn, 

V{(^ + 1) (n« + 1)} = 1 - nl, 

V{(^ +l)(m«+l)}=l-/m, 

from which we readily get the condition , 

^ + m + » = 0. 

248. Find the polar of any point (af^r/if) with respect to 
the conic whose equation is 

249. If four points on a conic be given, shew that the polar 
of any fixed point passes through a fixed point. 

250. If a conic circumscribing the quadrilateral ABCD be 
represented by 07 - K/3d s 0, find the tangents at the angular 
points At JB, C, D. 

251. (I.) If a quadrilateral be inscribed in a conic section, 
and another quadrilateral be described touching the conic in 
the angular points of the former one, the four interior diagonals 
of the two quadrilaterals meet, in one point (0) and the two ex- 
terior diagonals coincide {EF). 
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(11.) If a quadrilateral be inscribed in a conic, the points 
of intersection of opposide sides and the points of inter- 
section of tangents at opposite angles lie all in one straight 
line. 

252. Prove that the circles circumscribing the triangles 
FDCy BAD, FAB, EBC pass all through one point. 

253. Find the condition that the general equation of the 
second degree 

\a0 + X't^d + ^a7 + )U,'/J5 + vat f p'jS^ a 

should represent a parabola 

0, 1, 1, 1, 1, =0. 

1, 0, \ ix, V, A 
1, \ 0, v\ fjH, B 

1, fi, •, 0, V, a 

1, V, ft!, V, 0, D 
0, A, B, C, 2), 

254. Through any four points on a parabola another para- 
bola can always be drawn, unless the four points be sym- 
metrically situated at the extremities of two parallel chords 
perpendicular to the axis. 

255. If X.(ai3 + 7^) + ^(a(y 4./3i) + i;(aa + ^<y) = 

be the equation to a conic inscribed in a quadrilateral; the 
only parabola which can be inscribed in it will have for its 
equation the form 

{A - Bf (C- Dy {ap + 7«) + (Jt - Cy {B - D)« (a7 + /sa) 

+ {A- JDf{B - Cf (ad + 187) = 0. 

256. If the two sides BC,B'C' of any hexagon ABCA'BC 
intersect on the diagonal produced, and the two sides CA\ CA 
on the diagonal BJff produced, then will the remaining sides 
ABf ABf intersect on the diagonal CC produced (vufe 
Edwaiional Times, VoL II., p. 58, the Reprint). 
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CHAPTER V. 



TBIANaiTLAB Am) TETBAHEDEAL OOOBDmATES. 

257. In triangular coordinates, the position of a point P 
is considered as determined by the ratios of the areas of the 
triangles PBC, PC A, and PAB to the triangle of refer- 
ence ABC, %,e, if 

area(P^(7) ^ area(PC^) ^ area {PAB) 
area (^5 C?)"""' area(^^e) ' area(^5C7) ""^' 

then o + /3 + <y = 1. 

258. The three lines which join the angular points with 
the bisections of the opposite sides meet in a point. 

The three straight lines may be represented respectively by 

/3-7 = 0, 7-0 = 0, a-/3 = 0. 

259. The three internal angular bisectors of a triangle meet 
in a point. Their respective equations are 

/3 sinC-7 sinjB = 0, 7 sin-^-a sinC7=0, « Bini^-/3 sin^ = 0* 

260. The three external bisectors of the angles of a tri* 
angle meet the three sides produced in three points which 
range in a straight line. 

261. The perpendiculars from the angular points on the 
opposite sides meet in a point and are represented by * 

cot^ - 7 cotC= 0, 7 cot C- o cot^ = 0, o cot^ - § cot J5 = 0. 
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262. The distance between any two points will be repre- 
sented by 

{be cos ^ (a - ay + ac cos BiP" /S')* + ah cosC(7 - 7')')^ 

263. The condition that Za + m/3 + »7 = may be parallel 
to ra + m'/3 + »'7 = is 

mnf - m'» + nl' - n'l + ^«' - ^m = 0. 

264. The condition that the two lines, whose equations are 

/a + jwiS 4- «7 = and I'a + iw'/j 4- w'7, 
should be perpendicular to each other is 

= (m»' + m'n) be cos -4 + (n^' + n'l)ac coaB + (Zw' + I'm) ah cos (7. 

265. The perpendicular distance of the line la + mp + n7 = 
from the point (a, /3, 7) is 

(la + m/3 4- W7) 2 area (ABC) 

{{I -m)(l- n) a« + (w - n) (m - 6' + (» - (n - m) c«ji ' 

266. The volumes of the corners of the parallelepiped cut 
off by the faces of the tetrahedron are equal. 

267. The center of gravity of the tetrahedron is the same 
as that of the parallelopiped. 

268. If the lines joining the middle points of opposite 
edges of the tetrahedron are right angles, the opposite edges 
are equal. 

269. The sum of the squares of the edges of the tetra- 
hedron is equal to four times that of the lines joining the 
middle points of the opposite, edges. 

270. If two pairs of opposite edges be respectively at right 
angles, the third pair will also be at right angles to each other. 

271. The triangular coordinates of a point remain un- 
altered, when the point and the triangle of reference are pro- 
jected orthogonally. 

K3 
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272. The equation to the ellipse of least area circnm* 
scribiDg the triangle of reference will be 

a p ^ 

273. The equation to the greatest ellipse, which can be 
inscribed in the triangle, will be 

V(«) + VW + V(7) - 0. 

274. The general equation of the second degree 

will represent an ellipse, parabola, or hyperbola, according as 
A'^ + B^ + C*" 2B'C' - 2C'A' - 2A'B' -BC-CA^AB 

^2AA^2BB ^2CC' 

is negative, zero, or positive. 

275. The condition that the foregoing general equation 
may be the representative of a circle 

B^C-2A' ^ C^A-2B A^B-2C' 
a* i« " c« • 

276. The c(;^dition that it will be a rectangular hyperbola is 

277. If /»-, Pxf pe be the radii of an ellipse - + •—+- b 
drawn parallel to the sides of the triangle of reference, then 

W ^Pb ^ 

278. Given the radii of a conic parallel to the sides of the 
triangle of reference to find its area (rufe Messenger ofMathe" 
maticSf Vol. I., p. 223). 
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279. Given the equation to any surface in tetrahedral to 
find its equation in tangential coordinates {vide Messenger of 
Mathematics, Vol. I., p. 225). 

280. Find the equation of the ellipsoid of minimum 
volume, circumscribed about the tetrahedron of reference 
{vide Messenger of Mathematics, Vol. l., p. 228). 

281. Find the equation to the ellipsoid of greatest volume 
inscribed in the tetrahedron of reference {vide Messenger of 
Mathematics, Vol. I., p. 228). 

. 282. The equation to the circumscribing conicoid whose 
radii parallel to the «dges of the tetrahedron are respectively 



m-y- 



283. Given three points by equations of the form 

Ix + my + nss = ; 
prove that the area of the toiangle contained by them is 



ll, 


fWj, 


«i 


'.. 


Wg, 


fh 


'a. 


^s* 


^s 



(/j + mj + nj (/, + m, + njj) (/, + m, + nj) ' 

that of the triangle of reference being unity. 

This is Question 1497, Educational Times, by Mr. Clifford ) 
vide solution by Mr. Whitworth, in the June Number of that 
periodical, 1864. ' 
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CHAPTEE VI. 



EECIPROOAL POLES AND POLARS. 

Two systems of points related to each other in such a 
manner, that to every point of one system, there is a corre- 
sponding line of the other and to each point of the second 
system a corresponding line of the first. The point and line 
are named in reference to each other, the pole and polar, or 
reciprocal polars. 

The tangent at any point of a conic section can be regarded 
as the polar of this point, and conversely this point can be 
regarded as the pole of the tangent. 

The polar of a point in reference to a line of the second 
degree is parallel to the diameter. 

The lines joining the points of contact of two tangents to 
the same conic section is the polar of the point of intersection 
of these tangents, or the polar in respect of a point without 
a conic section is the chord of contact of the two tangents 
drawn from that point 

The point of intersection of two chords of a conic section 
is the pole of the line joining the points of intersection of both 
pairs of tangents at the extremities of these chords. 

284. If the angular point of an angle move upon a straight 
line whilst the lines containing the angle touch a curve of the 
second degree, whereby the angle is in general varied, the 
chords of contact turn about the same point, the pole of the 
line upon which the angular point moves. 
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285. Conversely, if the chord of a curve of the second 
degree turn about a fixed point, the tangents at the extre- 
mities of the chords intersect in the same straight line the 
polar of the fixed point. 

286. Let a polygon of any number of sides be inscribed in 
a conic section, and l6t tangents be drawn through its angular 
points, so that a polygon of the same number of sides may 
circumscribe the same conic section; the two polygons are 
reciprocal polars of one another. 

287. K a chord be drawn through the foeus of a conic 
section, and tangents be drawn to the curve at the extremities 
of the focal chord, these tangents will intersect in the directrix* 

288. Let a quadrilateral be inscribed within a conic section 
and from its angular points, as points of contact, a quadri« 
lateral be described about the conic section, then 

(1) If four pairs of opposite sides be produced to meet, the 
four points of intersection will range in one linck 

(2) The four diagonals of these quadrilaterals will pads 
through the same point. 

(3) The point and line will be a pole and polar in reference 
to the conic section* 

289. If the pairs of opposite sides DA, BC and ABy DC 
of a quadrilateral A BCD, inscribed in a conic section be pro- 
duced to meet in M and X, and if the diagonals meet in Q ; 
then ML is the polar- of the pole Q, MQ the polar of the 
pole L and QL the polar of the pole M, 

290. A circle passes through the center of an equilateral 
hyperbola and through any two points A, B to prove that it 
will also pass through the intersection of two lines, one drawn 
through A parallel to the polar of B, and the other through 
B parallel to the polar of A. 



106 BBOIPBOOAL P0LB8 AND POIAB& 

291. When three points, situated in the plane of an equi- 
lateral hyperbola, are such that each of them is the pole of the 
line joining the other two, the circle which passes through 
these three points will pass also through the center of the 
h)rperbola. 

292. Prove that the diameter terminated at the point of 
contact of a tangent to an equilateral hyperbola, bisects two 
of the four angles, formed by the two diameters which pass 
through the points of intersection of this tangent with the 
polars of the two focL 

293. Prove that the diameters terminating at the two 
extremities of a chord of aii equilateral hyperbola form re- 
spectively equal angles with those which pass through the 
intersection of this chord with the polars of the focL 

294. The diagonals of the circumscribed quadrilateral wiU 
pass through the points in which the opposite sides of the 
inscribed one intersect. 

295. If from a point P in an ellipse perpendiculars PG, 
PS be let fall on two equal conjugate diameters; then the 
diagonal of the parallelogram upon PG, PH is normal to 
the ellipse at the point P. 

296. A triangle ABC inscribed in a conic section is such 
that the line bisecting one of its interior angles (^) is a 
normal to the curve; then the side {BC) opposite the bisected 
angle will pass through the pole of the normal. 

297. The polar of a point at an infinite distance is the 
diameter of the system of parallel chords which are directed 
to that infinitely distant point 

298. A focus and two points of a conic section being given, 
prove that the locus of the point of intersection of the tan- 
gents at these points will be two straight lines passing through 
the focus and at right angles to each other. 
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299. A oonio is described touching three given straight 
lines BCj CA^ AB, so that the pair of tangents drawn to it 
from a given point O, are at right angles to each other. Prove 
that it will always touch another fixed straight line ; and that 
if this straight line cut 3C, CA, AB in D, E, F respectively, 
each of the angles AOD^ BOE, COF is a right angle, and 
prove that the polar of O with respect to this conic will always 
touch a conic, of which O is the focus. 

300. If the lines which bisect the angles between pairs of 
tangents to an ellipse be parallel to a fixed straight line, prove 
that the locus of the points of intersection of the tangents 
will be a rectangular hyperbola. 

301. Three hyperbolas are drawn, whose asymptotes are 
the sides of a triangle ABC taken two and two, prove that 
the direction of their three common chords pass through the 
angular points A, B^ C, and meet in a point, which will be 
the center of gravity of the* triangle, li the hyperbolas touch 
one another. 

302. A parabola touches one side of a triangle in its 
middle point, and the other two sides produced. Prove that 
the perpendiculars drawn from the angles of the triangle upon 
any tangent to the parabola are in harmonical progression* 
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CHAPTER VIL 



MISOELLANEOITS PROPERTIES EXTRAOTED FROM THE 
XESSl^QER OF MATHEMATICS AlTD OTHER 

RES0TJRGE8. 

303. Every straight line meets any cubic, either in three 
real points, or in one real and two imaginary points. 

304. The general equation of the third degree in trilinear 
coordinates may be written 

+ 7* ih^ + ^afi + W37) = 0, 

305. The only cubic having three double points not in the 
same straight line, consists of three straight lines forming a 
triangle. 

306. The only cubic having two double points, consists of 
a straight line intersecting a conic section. 

307. The cubic represented by the equation 

« (P/3« + Q/37 + J^/«) + ^7 (iV/3 + Mr^) = 

has at p = Oy 7 = 0, a double point, a cusp, or conjugate point, 

according as 

Q« > = < 4Pi2, 

308. If a triangle be inscribed in a cubic so as to have its 
sides parallel to the asymptotes of the cubic ; and if the tan- 
gents at B and C intersect in P; those at C, A in Q; those 
at AB in It. The three straight lines FA, QB, and BC will 
all meet in a point. 
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309. The algebraical sum of the reciprocals of the per- 
pendiculars from any point on the three sides of the inscribed 
equilateral triangle is constant. 

310. The Tolume of the rectangular parallelopiped con- 
tained by the perpendiculars from any point on the three 
sides of the inscribed equilateral triangle bears a constant 
ratio to the Tolume of the rectangular parallelopiped contained 
by the perpendiculars on the tangents at the angular points 
of this triangle. 

311. If a cubic have three rectilinear asymptotes, they cut 
the curve in three points lying all on o^e straight line. 

312. If a cubic have three asymptotes, one of which cuts 
it in a finite point, another must do so also. 

313. If two and only two asymptotes cut the curve in finite 
points, the other asymptote is parallel to the straight line 
joining those points of intersection. 

314. The equation of cubics, which have a cusp, can always 
be reduced to the form 

The line joining any two points of the curve will have, for 
its equation, 

hence the equation for the tangent at any point is 

2/A'-4-3/**i2+ Jf=0. 

315. The locus of the intersection of a chord drawn through 
any point on a cubic, and tangents where it meets the curve 
may be represented by 

7(27i + 3JK)« + 2i3f=0, 

(Salmon's Higher Curves), 

316. If a curve of the third order have a double point A, 
and be cut by any straight line m B^ C,Di and if when ABC 

h 
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is taken as the triangle of reference, the tangents at ^ are 
represented by the equation 

P/8" + Q/37 + J&y« - 0, 

the tangents at B and C by the equations 

Pa + JV<y = and 3f/3 + JRa = 0, 

shew that the equation to the straight line AD is 

and find the equation to the curve {Educational Times). 

317. Find the locus of the middle points of a system of 
chords parallel to la 4- mp + ^7 ** in the conic 

The equation of the locus required will be 

(^ . 6n) ^ + (na - fc) ^ + (» - ma) ^ = 0. 

318. Determine the foci of a conic section expressed by 
trilinear coordinates (vide Quarterly Journal of MathematieSf 
Vol. IV., p. 236; and Vol. v., p. 177). 

319. Determine the trilinear equation to the axes of a 
conic section {vide Quarterly Journal of Mathematics, VoL V,, 
pp. 273, and 335). 

320. Determine the equation to the axes of a conic section 
referred to areal coordmates (vide Messenger of MathematicSf 
Vol. II., p. 16). 

321. If 

/(a^<y) = fc* + m/3» + fiT* + il'pfi + 2m'7a + 2n'a)3 = 

be the equation to a conic in trilinear coordinates, the equa« 
tion to the asymptotes will be 

[mn - /'■ + fi/ - m" + /m - n" 

+ 2 (mV - ir + n'r - mm' + I'm' - wn')}/(a, /5, 7) 

B {Imn + 2l'm'n' - ^T* - mm** - nn") (« + yS + 7)*. 
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322. Proye that the trilinear equation of the ciirre 
(«• + y")" - 2flaf (ai* + 9y«) + 27fly « 
Ss /?7« + 7«a« + a«/8" - 2a/37 (« 4 /3 + 7) = 0, 

the angular points of the triangle of reference being the origin^ 

9a 
and the two points on the curve for which « == -7- {CanUfridg§ 

Problems, 1865). 



h% 
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CHAPTEE VIIL 



APPENDIX. 

323. Question 60 has been discussed in the JEdueaUona! 
Times, vide Question 1385, July, 1863. 

It may at the same time be observed that it forms a good 
example for finding the equation to a line passing through 
two points. 

Having constructed the figure, as in diagram, let the co- 




M jy 



ordinates of A and O be respectively a^^r/ and a"p^rf. 
Then the form for the equation of such a line will be. 
Question 8, p. 2, 

Here /S' s and 7' = 0, and the equation to the line becomes 

^7"-7/3" = 0, 
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and ^ -\0B 2^JE -Bxe^A BC OJB 
' P'" \KF " KF^^ eneeiABC ' KF 

_ -{FN.BC^KF.AC].OE 
{QF.AB + JSM.£C\.KF 

JEM 
ma-lb , m FN , n EM 

therefore the equation to A O, where O is the middle point of 
FF, and FFia represented hy la + mfi + n7 = 0, will be 

(ma - /6) )3 + (fc - wa)7 = 0. 

324. In applying the properties enunciated in Question 11, 
p. 2, to Question 34. 

Let ABC be any triangle and O any point whatever iu it» 




then if through this point, the lines AD, BF, CF be drawn 
to the opposite sides, the triangle DEF will be formed. Let 
DF be produced to meet AC in F, EF to meet J5C in Q, 
and DE to meet AB in J2. Then JP, Q, R will range in a 
straight line. 

L3 
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Now for J5Ca«0, ^C/3 = 0, AB ff=0, 
for ^J* a + n/3 + i 7 = 0, 

BE -a^B-^l^^O, 
n 

DF ma^jP+ 7 =0. 

Then for the intersection of AB and DB, wc have 

a + (n + X) /3 + n/7 = (1), 

and for the intersection of ^C and DF 

/ma + /3 + (/ + V) 7 = 0. 
a + n/3 + Iny 



From (1) X sa - 

(2) X' = - 



Ima 4 /3 4- ^ 



7 

substituting the coordinates of the intersection of BF and 
^CinX andX', t.e. 

= 0, 7 = - mnfi in X, 

and a = 0, /3 = - -^ , 

mn 

we have X = Imn* - » and X' = , 

mn 

and if AD, BE^ and C^Fpass through the same point O, 

Imn = - 1. 

Hence X = - 2» and X' = - 21, 

substituting these values in (1) and (2), multiplying (2) by n 

and recollecting that Imn = - 1 ; in each case we obtain the 

equation 

a - «)3 + In^ = 0, 

which is the equation to the line PQR. 

325. In Question 37, p. 10. 

Find the equation to the straight line passing through the 
middle point of the side ^(7 of the triangle and parallel to the 
external bisector of the angle A. 
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Now the external bisector at A is 

i3 + 7 = 0, 

and any line passing through the middle point of the base 

will be 

Xa + /3 sin J5 - 7 sin C = 0. 

The condition that these two lines are parallel to each other is 

^ _ sin ui (sin B + sin C) ^ 

sinjB-sinC ' 
therefore 

a sin A (sin B + sinC) + (/3 sin 5 - 7 sinC) (sin B - sin (7) = 0, 
or (6 + c) aa + (6 - c) (bp - 07) = 0. 

326. In Question 74, p. 30. 

The equation to a tangent of the inscribed conic at the 
point where it is cut by the line /3 - A7 = 0, the conic being 
represented by V(^) + VC'^'i^) + V('»7) = is 
Ih^a - {v'(mA) + V(n)} m*/3 - W{mh) + V(n)} n*A*7 = 0...(1). 

Here it must be recollected that the line cuts the ourre in two 
points, and since the square root of h will be + A^ ; if we con- 
sider (1) the equation to the tangent at one point, the tangent 
at the other point will be 

- /Aia - [- 'J[{mh)} + V{(n)}] m^fi 

- [- y/{{fnh)} + V(»»)] ni (- M) 7 = (2). . 

For example, in Cor. 1, p. 30, if a line be drawn from the 
vertex of the triangle of reference to the point of contact on 
the opposite side, the two tangents where this line cuts the 
conic will be determined from 

m 

n\k 



»•■*£)'. 



substituting these values respectively of A^, we obtain the 
equation to the two tangents required, viz. 

la - 2m/3 - 2»7 = and a =, 0. 
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Again, if the above conic had been cut by the angular 
bisector at A, the two tangents at the cutting points will be 
respectively represented by 

fc - {m + '\/{mn)] /3 - {n + ^/{mn)] 7 = 0, 

and - /a + {m - V(''*'*)} i3*+ {» - V(''»»»)} 7 = 0. 

By addition, we get 

/3 + 7 = 0, 

which shews that these two tangents intersect each other in 
the external bisector at A. 

327. Hence a solution of Question 16, p. 364, Walton's 
Problems on Plane Coordinate Geometry, 

''From a point is drawn a pair of tangents to a conic 
section, and a line bisecting the interior angle between them 
is drawn cutting the corresponding polar in O : to prove that 
the intersection of a pair of tangents, belonging to any other 
polar passing through O, will lie in the line which bisects the 
exterior angle between the former pair of tangents.** 

Now we can easily conceive the figure, let ABC be the 

' triangle of reference, A the given point, AB and A C the 

given tangents, AD the angular bisector. Let there be also 

an inscribed conic touching the sides AB and AC in P and 

JE respectively j let O be the point where -&2^ intersects AD. 

(1) The tangents at the extremities of the line JSP in- 
tersecting in the point A must also intersect on the line 
/3 + 7 = 0. 

(2) We have already proved that the tangents at the 
points where AD the angular bisector cuts the conic meet 
on the line ^ + 7 = 0. 

(3) Tangents at the extremities of all chords through 
must meet on the line /3 + 7 = 0, vide Gamier's Analytical 
Geometry, Art. 83, p. 161. 

But we will prove this independently for any chord* 
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Now if the equation to the conic inscribed in the triangle be 
Ta* -I- m*/3* + nV - 2mnpf^ - 2lnr^a - 2lmafi = 0. 

The equation to some line passing through the intersection 
of /3 - 7 = and h - mfi - n7 = 0, or the point O which we 
wiU caU (/, g, h) will be 

fc - (m - A;) )8 - (n + A;) 7 = Oj 



therefore 



f m 4 n -A - 
•^ = — ; — and - = 1, 

Sf i g 



and the equation to the polar of (/, Qy h) will be 

By substitution 

/3 + 7 = 0, 

which is the line required. 

328. Vide Question 289| p. 105. If the pain of opposite 
sides DA, BC and AB, DC of a quadrilateral ABCD in- 




scribed in a conic section be produced to meet in M and X, 
and if the diagonals meet in Q ; then ML is the polar of the 
pole Q and MQ is the polar of the pole L and QL the polar 
of ^the pole M. 
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We can easily trace the figure by the following construction: 
Let ABCD be the inscribed quadrilateral. Draw the 
diagonals A C and BD meeting in Q. Produce CD and BA 
to meet m L, AD and BC io meet in Jf. Through Q draw 
EFM and LQH, and if ^^C be taken as the triangle of 
reference, we shall have the following system of equations : 
The equation to the curve being 

Z^7 + mf^a + «o^ = 0. 
For BCa^O, for -4(7/3 = a, for -4 J5 7 = 0, 

for AD /3 + % = 0, for DC (kn - m) o - ;/3 = 0^ 

BD [kn'm)a^ lkr^ = 0, 

JSF {kn - m) a + //3 + /^ = 0, 

OR (kn - m) tf - //3 + % = 0, 

LM {kn -m)a~ ip-lkr^czO, 

Now if the equation to the curve had been 

La* + Mf^ + JVt* + //37 + m^a + na/3 = 0. 

The two tangents at the extremities of a chord passing through 
the point (/, g, K) will intersect in the line {%3%de Ferrer^ 
Trilinear Coordinates, Art. 8, p. 76) 

Now the line ^J* passes through (/, ff, h) where ^ = 0, and 



/ = - 



Ik 



h Af» - m ' 

and in the conic circumscribing the quadrilateral 

i=:0, i»f=0, -y=0; 

therefore this equation becomes by substitution 

(kn -m)a -Ifi^klr^^O, 

which is the equation to the line LM, and ML is the polar 
of the pole Q. 

Now let it be required to find the tangents at the extre- 
mities of ^JF*and OIT terminated by the curve. 
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First, for JEFwe have shewn its equation to be 

(kn - m) a ^ ip Jr lkr( = 0. 

Then the intersection of this line and /3 + A7 will be in the line 

(A;» - m) a + Z (A; - A) 7 = 0, 
and )3 + A7 » meets the conic in 

(hn - m) a + /A7 = 0, 
and since these two last equations must be identical, we haTe 

kn - m hn - m 

hence j^^m±Am^-^kmn) 

n 

therefore the tangent at E will be (Question 71, p. 29) 

n (m* - kmn) « + Imnfi + {w + V(^* ~ kmn)]* l^ = 0...(1), 

The tangent at F will be 

w (m* ' kmn) a + Imnfi + {m - '^(m* - kmn)} kf = 0...(2). 

These two tangents eyidently meet on the line 

7 = 0. 

Hence MQ is the polar of the pole L, 
Again, the equation to GH is 

(kn -m)a-lp Jtlk^-Of 
And by a similar process, we get 

therefore {+ *J(kmn) - m}' o + Imp + klmr^ = 0, 

which represent the two tangents respectively at O and JJ, 
and they will intersect each other on 

« = 0, 

and QL is the polar of the pole 3f. 

329. If a quadrilateral be inscribed in a conic section and 
another circumscribed about it so that the sides pass through 
the angular points of the former, then the diagonals of the 
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j) circumscribed quadrilateral will pass through the poin 

i which the opposite sides of the inscribed one intersect. 

f We can readily conceive a quadrilateral A BCD t 

I inscribed in a conic section in such a manner that we 

ji call ABC the triangle of reference. 

1/-* At the points A, B, C, D draw tangents ah^he^ed^wDs 

' »• Now for ADf we hate 

/3 + ifc7 = 0. 
Hence by Question 71, p. 29, we have, for the tangent at J 

(n^-m)*a + ;m/9 + MA;^ = (] 

For the tangent at A fi/9 + 1117 = (1 

B ^ + na=0 ({ 

C mo+ l^ =0 (4 

therefore the diagonal ae can be represented by 

(fiA; -mfa^ {Im 4 Xn) /3 + (Inl^ + \m) 7 = ... (; 
also the diagonal ac can be represented by 

(» + Vm) a 4 X'i^ + ^ = (( 

Since (5) and (6) are identical ; therefore 

Im^Xn , ^, nilnl^ j^ \m) -1- m {Im + \n 

X = i-rr — 7 — ana n + Km = z-. — = 

Ink* + Km * Ittfr + \f9t 

whence we get \ = - W, 

and we have, for the equation to the diagonal ac, 

(nk - m)a -~ Ifi ^ klr^ ^ 0. 

If 7 s= 0, then (nk - m) a - i^ = which is the equation to 
hence the diagonal ae passes through the intersection of 
and CD. 

In the same way it may be shown that the diagonal bd 
pass through the intersection of AD and BC. 

330. If o'/^'y and a''/3'Y' be two points on the conic w 
sented by //97 + m<^ct ^ fia/9 = 0, the equation to the line joi 
them will be 

J?_+^ + J!]L = o {] 

o'o* ifff yy * 



.* 



..+ 7?r+-i = o (2). 
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The equation of the tangent to the conic represented by 
//^7 + m7a + na^ = at the point o'/Sy will be 

la mfi n7 

The forms are given in Salmon, Fourth Edition, p. 118. 

Now by Question 8, p. 2, we have, for the equation to the 
line passing through the points a!^(^' and o"/3'Y', 

therefore in order to find the values of 

7'a" - 7"a' ^"^ 7'a" - ^'a' " 

Since a'i3'7' and a"^"r^" are points on the conic, we must 
have 

and l^Y + m7"a" + »a"/3" = 0, 

which may be put under the form 

and -^ ^'7" + - a"i8" = - 7V'. 

mm 

Hence we obtain 

ma a" " 7'a'' - r/'a' ^° 7n7'7" "" 7'a" - 7V ' 

therefore we have for the chord passing through a'/S'Y, a'Va'Y', 

la m^ W7 ^ 
+ — + — L = 0. 

a'a'' ^ ^(i- ^ 7 Y 



331. If this chord become a tangent, then aVV ''^ill 
respectively become a'/S'Y, and the equation becomes 

la m^ ny _ 
— + — 4 — - = 0, 

{vide Salmon, Fourth Edition, p. 122). 
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332. If a/S'Y, o"/3'Y' be two points on the conic whose 
equation is y/iUt) + ^/{m^) + \/(n7) = ; then will the equation 
to the chord passing through those two points 

+ 7V(n){7(«'n + V(aT)} = 0. 
This equation may be found in the same way as the last, by 

obtaining the values of \j[—j and \/(-) from the tvo 

equations 

V(/«') + VC'Wi^') + V(ny) = 0, 

and V(^«'0 + VC'wn + VC^YO = 0, 

where we have 

and /f :^^ = v(a- r) - ^{a"n 

V W V(7«") - V(7"«') ' 

But ^ V - '^'^^ {V(/3V/") + V(7-r)} {^/(^V) - V(r'^')} 
ia" - 7"a' - {V(7'«") + VCY «0) {V(7'«") - VC7"«0) 

V(^VO + V(7^^" ) 
V(7«") + V(7"«1* 



■V© 



v© 



v(Y«"; + v(7''«') ' 

By substitution in the equation to the line passing through 
two points a'/3'7' and a"/3"7", we obtain the above equation 
required. 

If we put in that equation a'^'r^' for a"^"t^" and divide off 
by 2 V("'/3 7'), we shall obtain the equation of the tangent at 
a'/3'7', viz. 

a V(//3'7') + /3 ^{mia) + 7 ^{na'^') = 0. 

333. Find an expression for the normal to the conic re- 
presented by /^7 + m'^a + noj3 = at the point a'/^Y- 
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Let us represent the tangent by 

^a + ^^ + C7 = (1). 

Now if a line be drawn through the point A of the triangle 
of reference and perpendicular to the tangent which we will 
call AT^ let its equation be 

/8 + X7 = (2). 

The condition that (2) is perpendicular to (1) will be 

^ C co% A -^ A GO%C - B 

A cos J? 4- B cos A - C 
therefore 

(A cos^+ J? cos -4- C)^-(Ccos^ + ^cosC-^)7 = 

is the equation to ^T which is perpendicular to the tangent. 

Next, let it be required to draw a line through the point 
o'/3'7' and parallel to the line AT which will be a normal to 
the curve, and, by Question 14, p. 3, note, we have 

{A coaB + B coaA - C) fi - {CcosA + A cosC- B) 7 

+ A; (a sin-4 + /8 sin J5 + 7 sinC) = 0, 

so if a = a', /3 = /S', 7 = Y, we have 

, _ (^ cos Jg + ^ cos^ - O^y - (Ccos^ + ^ cosC- B) 7 ^ 

a' sin -4 + ^ sin J? + 7' sinC 

Hence we shall have for the equation to the normal 

ka BinA-^{AcosB-\-Bco8A~C+k sin B) p 

+ (A; sin C + ^ - C cos ^ - -4 cosC) 7 = 0, 

which becomes by substitution and dividing off by sin A 

{{C QosA^ A cosC 'B)r/ -(A cosB+B QOsA- C) fi^}a 

-\-{{A coaB + B cosA - C)af -(C co8^ + J? cos(7-^)7'}/3 

+ {(C cosJ?+ ^ cosC -A)^-(A cosC + C cosA-B) 0^7 = 

(3), 

or it may be reduced to the following form by substituting the 
values of A, B, C in (3) derived from the equation of the 

tangent where -4 = — , J? = — , C---^^ viz. 

Pi 
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{ i(VcosC-/3'co«S)--p(V + /3'co8^) 

> , (a' COS J? + Y) + -^ (a' COS -4 - r/ COsC) 

- ,^ («' + T' COS i?) j y3 

+ {- i (^ + «' cosC) 4 ^,(^ COSC+ «0 



From this equation the forms in Corollaries 1, 2, 3, Question 72, 
p. 29, may be readily obtained. 

334. Find an expression for the normal at the point a'y?^' 
on the conic represented by the equation 

{laf + (mpf + (W7)* = 0. 

In the forms in Question (333) we must substitute for 

A, B, C respectively W Q , \/(^J » \/(^) » ^^^ ^^e equa- 
tion to the normal becomes 

{ V© ^'^ ""'^ " '^ ''°' ^^ " V(?) ^'^' * ^ ^'^ "^^ 

+ y'(J)(7'cos^+/30}« 

+ \/(-,) (/3' cos ^ - o' cos A)^ 7 = 0. 
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In order to verify this property, let us take a simple case 
for finding the normal to some point in the conic. Let the 
inscribed conic touch the sides BC^ AC, and AB in the 
points 2), Ef F; therefore if we find the normal at the point 
P, whose coordinates we may assume to be «'/3'7'; we can 
easily prove from the formula just obtained that it will take 
the well known form. 

For if we make 7' = and o' = -=■ /3', first multiplying the 

equation by VCY)* ^6 readily obtain the equation 

la - m/3 + (/ cos B - m cos ^) 7 = 0, 

which is the equation to the normal at the point F in AB, 

335. Let it be required to find an expression for the area 
of a triangle formed by three lines whose equations are re- 
ferred to trilinear coordinates. 

For an investigation of this interesting proposition the 
student is referred to the Quarterly Journal of Pure and 
Applied Mathematics^ No. 26, p. 122, published by Longman 
and Co., June, 1865. 

336. Let ABC be any triangle of reference, whose sides 
are represented, as usual, by a = 0, /3 = 0, and 7 = 0. If upon 
each of its sides equilateral triangles be described, it is re- 
quired to find the equations to the lines passing through the 
angular points of the triangle of reference and through the 
centers of gravity of the equilateral triangles. 

Having taken ABC, as usual, referred to trilinear coor- 
dinates, bisect BC in D, AC in Ff and AB in F; and having 
described equilateral triangles respectively on the sides BC, 
AC, and AB, it is known that the perpendiculars from the 
angular points of the equilaterals upon the opposite sides 
will meet in their centers of gravity, since they bisect the 
opposite sides. Hence, if G, H, K be the respective centers 
of gravity; by the nature of the construction we shall have 
the angles HAF, HCF, GCD, GBB, KB A, KAB each 
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equal to 30^; also, let ON^ OP be perpendiculars on AS 
produced, and AC, HQ, and HM perpendiculars upon AC 
and BA produced, KR and KS perpendiculars upon CA 
CB produced respectively. 

Now it will be readily seen that 

JDG^rr-^. GC ^ 



2 V(3) ' V(3) ' 



2 V(3) ' VC3) ' 

First, let us find the equation to AH. 

Now some line through A will be represented by 

/8 + X7 = ; 
therefore, when ^ = - — — , 7 = — sin {A + 30) } 

therefore X. = 



2 sin {A + 30) ' 

therefore, equation to AH is 

2 sin (^ + 30) /8 + 7 = 0. 

Hence we have the following system of equations, viz, for 

AH, 2 sin (^ + 30) ^ + 7 = 0, 
CH, a + 2 sin (c + 30) /8 = 0, 

BG, 7 + 2 sin(J? + 30) a = 0, 
GC, 2sin(C+30)a + ^ = 0, 

KB, 2 sin(-B + 30) 7 + « = 0, 
AK, ^ + 2 sin(^ + 30) 7 = 0. 

Again, by p. 2, Ex. 8, if o'/^Y and af^r/' be the coordinates 
of any two points, the equation to the line passing through 
them will be 

a iP^" - 7'/3") + ^ (7'a" - 7"a') + 7 [a'fi" - a"^') = 0. 
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Now we have for 

AH, 2 sin {A + J?) /3' + 7' = 0, 

CH, a' + 2sin(C+30)^' = 0, 

BG, i' + 2 sin {B + 30) a'' = 0, 

CGy 2 8in(C+30)a" + /3" = 0. 

Hence we have, for the equation to HG, 

(V(3) sini? + 2 sin^ .sinC} a + {^(3) sin^ + 2 %\nB.miC]p 

- sin C {sin C + V(3) cos C) 7 = 0, 
Similarly, we find for HK, 

- sin ^ {sin ^ + V(3) cos ^} o + {^(3) sinC + 2 sin A . sin B} fi 

4 {V(3) sin ^ + 2 sin ^ . sinC} 7 = 0, 
and for GK, 

{V(3) sinC+ 2 sin ^ . sin J?} a - sin ^ {sin B ■\- -v/(3) cos ^} /8 

+ {V(3) sin ^ + 2 sin J? . sinC} 7 = 0. 

It may also be shewn that the inclinations of these lines to one 
another are 60°, hence the triangle GHK is equilateral. 

337. In Question 97, p. 37, the three properties, viz. the 
equations — 

(i) Circles described upon the sides of a triangle as dia« 
meters formed by joining the feet of the perpendiculars let 
fall from the angular points of a triangle upon the opposite 
sides. 

(ii) Those described upon the sides of the triangle formed 
by joining the middle points of the sides of a triangle. 

(iii) Those described upon the sides of the triangle formed 
by joining the points of intersection of the angular bisections. 

In the reprint of the JSducational Times, we have 
(i) For the areal equation to the circle-— > 

= {{he cos A sm*B) x + {ac cos'5) y + (a& cos C sin*^) 2} (« + y + «). 
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For the trilinear equation — 
0/3-/ + i-ya + ca/3 

= (a COS A sin*j5 + p CQS?B + y cosC sin'jff) (oa + 5y3 + cy). 

(ii) For the areal equation — 
a*yz + i'ir + cVy 

= i [c (c f J cos -4) ar + (ca cos .B) y + a (a -I- 5 cosC) «} (x + y + z). 
For the trilinear — 
4abc {afiy + iya + cafi) 
= {ca (ca + ay) f ahc (« cos -4 + /8 cos JB + y cosC)} {aa + 5)3 + cy). 

(iii) For the areal equation — 
a*yz + b*zx + c'xy 

&V(af 6)(Uco8y4 )x I cV cos5(c i^a)v+oV(o46)(l4co8C)5 

For the trilinear equation — 

(a + 6) (6 + c) (c + a) (a/3y + Jya + cafi) 

e{hc{a -\- b) (1 + cos A)a-\^ ca cos J? (c + a)^ 

+ fl6 (a + 6) (1 + cosC) y} (aa + bfi^-cy). 



Finis. 
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Hunter's Elements of Mensuration, 18me. 9d. Key dd, 

Boucher's Mensurati(m, Plane aasd Solid, An* Schools and Ccdleges, ISmo. 8s. 

Lund's Elements <rf Mensuration (Geometry with Arithmetic) fcp 8s. 6d. 

Nesbit's Treatise on Practical Mensuration, Iftno. (to. Key 6s. 

Alffebra, 

Colenso's Algebra, tar National and Adult Sehools^ ISmo. Is. 6d. Key 2s, 6d. 

— Elements of Algebra, for Schools, Pakt I. Umo 4s. 6d. Key 6b. 

Hunter's Examination-Questions on Colenso's Algebra, Past I. 12mo 2s. Od. 

Colenso's Elements of Algebra, for Schools, Pami II. 12mo Cis. Key 6s. 

— Miscellaneous Examples and Equation Papers in Algebra,, Umo. .... 2s. 6d. 

— Elementsof Algelu'a,forUuiver8ityStudents,8vo.l2s.M.,Kej,12mo. 7s.0d. 

Tate's Algebra made Eaqr. with fresh Examples, Umo.. 2a. Key 8s.6d. 

Reynolds's Elementary Algebra, ISmo. 9d. AnawensSd. Full Key Is, 

Hall's Mements of Algebra, fcp 6s. 

Thomson's Elementary Treatise on Algebra, Umo. 6s. Key 4a.6d. 

Wood's Elements of Algebra, by the Rev. T. Lund, BJXSvo 12s.6d. 

Lund's Companion to Wood's Algebra, post 8vo 7sw6d. 

— Solutions of 2,000 Questioiis and ProbLema, or Key to Wood's Algebra 7s. 6d. 

Galbraith and Hanghton's Manual of Algebra, Icy sewad»ts.; clolk:28.6d. 

Lund's Short and Easy Course of Algdaxa,lii9 2s.fid.s Key 28.M. 

Wharton's Sciutiona of Examples ia Algebra, Umo. Cs.6d. 

Cfeameiff and Trigonomeiry, 

Pott9*» EdiUotu of Euelid's Element* for Sehoole and CoUeges, 
Potts's Eudid'B Elements of Geometry, Books L to VI. and parts of XI. and 
XII., as read at Cambridge. University E^Ution, 8vo 10s. 

— — ^ — Sdiool Edition, Umo. oloth,4a.6d. nwa, 6s. 

— Euclid's Elements, School Edition, Books I. to IV. 8s. Books I. to III. 

• 2s.ed. Books LIL Is. 6d. Book Lis. 

— Enunciations of Endid, Umo 9d. 

Tate's Practical Geometry, with 2a Woodcuts, Umo is. 

- Geometry, Mensuration, Trigonometry, LandrSurveylng, &o. Umo. .... Ss. 6d. 
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Lund's Commercial Euclid, or Geometry as a Science, ISmo 2k 

— Geometry as an Art, with Easy Exercises, 12mo. fa, 

— Geometrical Easy Exercises, with their Solutions, fcp 88.6d. 

— Mensuration, or Geometry combined with Arithmetic, fcp Ss. 6d. 

— Elements of Geometry and Mensuration, fcp 78. 

Galbratth and Haughton's Manual of Eudid, Books I. to III. sewed, 2s. doth ts.6d. 

— — Books lY. to VI. sewed, 28. doth 2s. 6d. 

Davis's Elements of Plane Geometry, fcp Is. 

Isbister's First Steps to Eudid, the Propositions with a Recapitulation, 12mo. ls.6d. 

— Two Geometrical Copy-Books each 6d. 

— School Euclid, 12mo. 2s. 6d. also Books I. and II. Is. 6d. and Book L Is. 

— College Euclid, Books I. to VI. and Parts of XI. and XII. 12mo 4s. 6d. 

— Examiner in Euclid, for Class and Sdf-Examination, 12mo 9d. 

Tate's First Three Books of Euclid's Elements 12mo. Is. 6d. 18mo. 9d. 

Colenso's Elements of Euclid, 18mo is. 6d. or with a Key to the Problems <tB.6d. 

— Geometrical Problems and Key 8i.6d> 

— — — separately, 18mo Is. 

— Plane Trigonometry, 12mo Partl.8s.6d. Key Ss.<ld. 

— — — 12mo Part II. 2s. 6d. Key Ss. 

%* The Keys to the Two Parts of the Trigonometry, together, price 8s. 6d. 

Hunter's Elements of Plane Trigonometry, l8mo Is. Key 9d. 

Galbraith and Haughton's Manual of Plane Trigonometry, fcp. sewed, 2s. doth 2s. 6d. 
Uymers's Treatise on Plane and Spherical Trigonometry, Svo 8b. 6d. 

— — Differential Equations, Svo Us. 

Hunter's Treatise on Logarithms, with Copious Tables, 18mo Is. Key 9d. 

Jeans's Plane and Spherical Trigonometry, 12mo. 7s. 6d. or in Two Parts, each is. 

— > Problems in Astronomy, &c. a Key to the above, 12mo. 6b. 

Land Surveying^ Bratcingt and Practical Mathematics. 

Tabor's Land Surveying and Levelling for Farmers and Schools, Svo. 8s. 6d. 

Nesbit's Practical Land Surveying, re-written by Bumess, Svo 12&. 

Tate's Drawing>Book for Little Boys and Girls, post ito Is.Sd. 

— Drawing for Schools, after the Method of Dupuis, post ito 5s. 6d. 

-" Mathematics for Working Men : Arithmetic and Algebra, Svo 2s. 

Thornton's Elementary Land Surveying and Levelling, 12mo 2s. 6d. 

Binns's Orthographic Projection and Isometrical Drawing, ISmo Is. 

— Geometrical Drawing Part I. is. Part II. 6s. complete 9s. 6d. 

Barnard's Drawing from Nature, with Coloured Illustrations, imp. Svo. . .Ju$t readif. 
Cape's Course of Mathematics, 2 vols. Svo 82s. 

— Mathematical Tables of Logarithms, &c royal Svo 10s. 6d. 

Winter's Mathematical Exerdses, post Svo i*. 6d. 

— Elementary Geometrical Drawing Part 1. 88.6d. Part II. 6>. 6d. 

Galbraith and Haughton's Manual of Mathematical Tables, fcp. sewed, 8s. doth 8s. 6d. 

Kimber's Mathematical Course for the University of London, Part I. (Matricu- 
lation Examination) Svo 6s. 6d. Solutions, forming a Key, 28. 6d. 

Salmon's Treatise on Conic Sections, Fourth Edition, Svo. 12s. 

Wrigley's Examples and Problems in Pure and Mixed Mathonatics, Svo. 8B.6d. 

Quarterly Journal of Pure and Applied Mathematics, Svo. S8« 

Vocal Music, 

Parkhurst's stepping-stone to Music, ISmo ..., la, 

Tar>« and Taylor's Art of Singing at Sight, I6mo 58. 

Tilleard's Colteetion of Sacred Music, for Schools, &c. super-r<^al Svo. ls.6d. 

— Collection of Secular Music, for Schools, &c. super-royal Svo.. Is. 6d. 

The above Two Collections in one volume, price 5s. cloth. 
Tilleard's PeopleSi Chant-Book, for Congregations and Sdiools, ISmo 8d« 
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Works hy John Hullah, Professor of Vocal Mtisie in Kin^s 
College, and in Queen's College, London* 

NewBditiom, * Seoised andRecotuirueted in 1849/ <tf * Wilhbu's Method of Teadiing 
Singing,' tuU^ted to EnglUh Uae, under the Superintendence cf the Committee of 
Oouneil on Education, 

The Manual, for the use of Teachers and Pupils, Parts I. and n. price 2B.6d. 

each; or together in doth 5s. 

The Exercises and Figures contained in Parts I. and II. of the Manual, for the 

use of Pupils Books I. and II. price, eadi, 8d. 

Large Sheets, containing the Figures in Part I. of the Manual, Nos. 1 to 8 in 

a Parcel price 6s. 

Large Sheets, containing the Exercises in Part I. of the Manual, Nos. to 40, 

in Four Parcels of Eight Nos. each price, per Parcel, 6s. 

Large Sheets, containing the Figures in Part II. of the Manual, Nos. 41 to 52, 

in a Parcel price 9s. 

Hullah's Rudiments of Musical Grammar Ss. 

— Grammar ofMusical Harmony, royal 8vo. Ss. 

Exercises to Grammar ofMusical Harmony Is. 

Hullah's Short Treatise on the Stave 28. 

Grammar of Counterpoint. Part I. super-royal 8to 28.6d. 

Hullah's Infiuit School Songs 6d. 

School Songs for 2 and S Voices. 2Book8,8vo. each 6d. 

Hullah's Exercises for the Cultivation of the Voice. For Soprano or Tenor. 

Third Edition 28.6d. 

— Exercises for the Cultivation of the Voice. For Contralto or Bass. 

ThirdEdition 28.6d. 

Hullah's Part Music, 

Class A. In Score and in separate Voice Parts, for Soprano, Alto, Tenor, and Bass. 

Tvro Volumes of Sacred and T«ro of Secular Pieces. Score, 58. each VolimiCt 

doth ; 4s. in wrapper ; Voice Parts, Is. in wrapper; Is. 9d. cloth. 
Class B. In Score for the Voices of Women and Children. One Volume of Saored 

and One of Secular Pieces. Is. each in wrapper ; Is. 9d. doth. 
Class C. In Score for the Voices of Men. One Volume of Sacred and One of Secular 

Pieces. Is. each in wrapper ; Is. 9d. cloth. 

Political and Historical Geography, 

Hogarth's Outlines of Geography, for Families and Schools, 18mo lOd. 

The Stepping'Stone to Geography, by a Mother, ISmo Is. 

Hughes's (W.) Child's First Book of Geography, 18mo 9d. 

— Geography of the British Empire, for beginners, 18mo 9d. 

— General Geography, for begiimers, 18mo. 9d. 

nicy's Child's First Geography, 18mo 9d. 

— Progressive Geography, in Four Courses, 18mo. ts. 

Descriptive Geography, being Vol. V. of the * Instructor,' ISmo. 28. 

QuestionB on Hughes's General Geography, for beginners, 18mo 9d. 

Hughes's (W.) Manual of (Geography, with Six Maps, fcp 78. 6d. 

Or, in Two Parts:— I. Europe, Ss. 6d. ; II. Asia, Africa, America, AustraUusia. 

and Polynesia, 4s. 

— Manual of British Geography, with Four Maps, fcp 28. 

— Geography of British History, with Six Maps, fcp 88. Bd. 

— Abridged Text'book of British Geography, fcp , !•• 6d. 

Sullivan's Geography Generalised, 18mo 28. 

— > Introduction to Geography, Andent, Modem, and Sacred, ISmo. .... Is. 
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Bray's Geography of the Britiah Smpire. with Five Mapt, iap. 7a. 6d. 

Hni^ea'a (E.) Geogrspl^ for Elementary Schools, 18mo Is. 

Haroet's Conversatioaa on Land and Water, Ibr Children, fcp Ss. 6d. 

Goldsmith's Grammar of General Geography, fop Ss.Gd. Key 1b. 

DowUng's Introdaetion to Goldsmith's Geography, 18ma ML 

— Qnestione on the Maps in Goldsmith's Geography .9d. Key 9d. 

Maunder's Treasury of Geography, edited by W. Hughes. F.R.O.S. Ibp. Ma. 

Butler's Bkefcohf^AnoieDt and Modem .Geogtaphy.poafcSro. fk6d. 

— Sketch of Modem Geography, poet 8vo ».« 4k 

" — Sketdi of Andeut Geography, postSvo ».«... '4b. 

Cunningham's Abridgment of Butler's Geography, fop Ja. 

M'Leod'a Geography ofPaleatine or the Holy Lond,lflmo. «.. 1a.<ld. 

— LifeandTravelsofSt. Paul, Part U. of above, 12mo ta. 

Johnston's (A. K.) General Gasetteer, or Dictionary of Oeographj* Svo. .Ha. €d. 

Physical and Mathematical Geography. 

Maury's Physical Geography for Schools and Genezal Beadecs, fcp. • 2b. 6d 

Zoralin's Recreations in Physical Geography, fop te. 

Sterae's Physical and Political School Geography, fop Je. 6d. 

Hughee's (E.) Outlines of Pl^sicalGeogr^>hy,18maSB.6d. Questions on ditto 6d. 
KeUh on the Globes, by Taylor, Le Mesurier, and Middleton,lSmo.6B.6d. Key 2s. 6d. 
Hughes's (W.) Treatise on the Construction ofMaps, fcp.8vo. 6b. 

School Atlases and Maps, 

Butler's Atlas of Modem Geography, enlai^ed, royal 8vo.108.6d. or royal 4to. 10s. 6d« 

— Junior Modem Atlas, comprising 12 Coloured Maps, royal 8vo 48. 6d. 

— Atlas of Ancient Geography, enlarged, royal 8vo 128. 

— Junior Ancient Atlas, comprising 12 coloured Maps, royal 8vo 48. 6d. 

— General Atlas of Modem and Ancient Geography, royal 4to 82b. 

— Outline Geographical Copy-Books, Ancient and Modem, each CopyyBook 4b. 
M'Leod's New Middle-Class Atlas. 29 full-coloured Maps, 4to 58. 

— Hand- Atlas of General Geography, 18mo. half-bonnd, Ss. sewed .... 88.6d. 

— Class Atlas of Physical Geography, 18mo. half-bound, 3s. sewed .... 28. 6d. 
Bowman's Questions on M'Leod's Class Atlas of Physical Gec^raphy, 18mo. . . Ib. 
M'Leod's Wall-Map of England and Wales, No. I. Physieait price 6s. on a sheet, 

coloured; or price Qs. mounted on rollers, or in a portfolio. 

— — — No. II. PoKtiedl, price 78.6d. on a eheet, coloured; or 
price 10s. 6d. mounted on rollers, or in a portfolio. 

— — — No. III. Qeologicdlt price 168. on a sheet* fhll-coloured; 
or price 20s. mounted on rollers, or in a portfcdio. 

*»* The above Three Maps together in a pertfoUo, price 868. ' 

— Physical Atlas of Great Britahi and Ireland, fcp.4to. 78.6d. 

— Class Atlas of Scripture Geography, royal8vo Ts. 

Hughes's (E.) General Atlas for Elementary Schools, 18mo Is. €d. 

— Atlas of Physical, Political, and Commerdal€teography,rL 8vo. .19B.6d. 

— School Atlas of Bible Lands, fcp lB.6d. 

Brewer's Elementary Atlas of History and €(eography,n>yal8vo Ua. 



Geology and Mineralogy, 



PhDlips's Guide to Geology, with 4 Plates and 53 Diagrams, fcp. .. 48. 

— Treatise on Geology, Revised Edition, 2 vols, fcp 7s. 

Apjohn'sManualoftheMetalloids, withSSWoodcute, fcp 78.6d. 
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Natural History and Botany. 

The Book 9i Animftlg, ClasB MammaUa, with numeroiu Woodcctta^ ISmo. 1b. 8d. 

TheBookofBirds, Class Avet, with Woodcuts, 18mo l8.6d. 

ThABook of Fishes, Clau Pisces, with Woodcuts, 18mo ls.6d. 

The Book of Reptiles, inoluding Fossil Remains, with Woodouts, 18mo Is. 6d. 

OwvDr'e Stepping-stone to Natural History, with 66 Woodouts, 18mo 28. 6d. 

Or in Two Parts, I. Mammalia, Is. II. Birds, JteptUes, and Fi$he$, Is. 

— Natural History for Beginners, with numerous Woodcuts, 18mo 2s. 

To be had also in Two Parts, price Od. each. 

Tate'«rNataral History of Familiar Things, with Woodcuts, 18mo Is. 

HaoBder'sTreasniy of Natural Hiooiy; with 900Woodcnts, fcp. 10s. 

Greene's Manual of the Corals and Sea Jellies, fcp. 5s. 

~ Manual of the Sponges and Animaloii]ffi,fq;> 28. 

Lindlsy and Moore's Treasury of Botany, fbp Ju$treadtf, 

The Book of Trees, Fourth Edition, with Woodouts, 18mo 2s. 

Maroefs Lessons on Animals, Vegetables, and Minerals, 18mo Is. 

Lessons on the Universe, the Animal, Vegetable, and Minoral Kingdoms, and 

on the Human Form; beingVol. III. of the 'Instructor,' 18mo 28. 

Swainson's Treatise on the Habits and Instincts of Animals, fcp 8s. 6d. 

CAemuiry. 

Tate's Outlines of Experfanental Chemistry, 18mo 0d. 

Pisese^s Laboratory of Chemical Wonders, crown 8vo 5s.6d. 

Marcefs Conversations on Chemistry, thoroughly revised, 2 vols, fcp 14b. 

Thomson's School Chemistry, with 111 Woodcuts, fcp 6s.6d. 

Odling's Manual of COiemistry , Descriptive and Theoretical, Part 1. 8vo. 98. 

Bocknaster's Elements of Chemistzy, Second Edition, ISmo. 3s. 

Natural Fhilosophy, 

BiMdonaster's Elements of Experimental Physics, fcp 8s. 

Amofetf 8 Elements of Physics or Natural Philosophy, Part 1. 8vo lOs, 6d« 

Mavoef 8 Conversations on Natorsl Philosophy, with S4 Plates, fcp 10s. 6d. 

Tate's Little Philosopher, 18mo. VoL 1. 8b. 6d. orinS Parts each Is. 

— Light and Heat, familiarly explained and illustrated, ISmo 9d. 

— Hydrostatics, Hydraolios. end Pneumatics, for beginners, 18mo 9d. 

— Electricity, familiarly explained and illustrated, 18mo 9d. 

— Magnetism, Voltaic Electricity, and Electro-I>ynamic8, 18mo 9d. 

Galbraith and Haughton's Manual of Optics, fop. sewed, Sto. doth, 28. 6d. 

— — HydroetatioB,fiBp.eewed»Se. dotti..... 28.6d. 

Doirning's Elements of Practical Hydraulio8,8vo 8s, 

Mechanics and Mechanism, 

Moseley's Dlustrations of Practical Mechanics, fcp 8s. 

Tate's Exercises on Mechanice and Natural Fhiloso]^, 18mo .8s. Key 8s. 6d. 

— Prindples of Mechanieal Philosophy, 8vo ..10s.6d. 

— Mechsnics end the Steam-Engine, for beginners, Iftno. 9d. 

— Elements of Mechanism, Fifth Edition, wttb Diagrams, ISmo « 8b. 6d« 

Goodeve's Elements of Mechanism, New Edition, with 217 figures, post 8vo. 6s. 6d, 

Kater and Lardner's Treatise on Mechanics, fcp 8b. 6d« 

Oalbraith and Haughton's Manual of Mechanics, fop sewed, Ss. dotii, 8s. 6d. 

Twisden's Elementary Introduction to Practical Mechanics, crown 8vo lOs. 6d. 
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Fortifieaiion, ^e, 

Elmber'syaaban's First System of Fortiflcati<m,8yo St. 

— on the Constniotion of the Modem System, a New and Cheaper Editioa 

preparing for publication. 

— Field Works, as executed at Sandhurst and Addiscombe, 8yo 6s. 

ICacdougall's Theory of War, illustrated from History, post 8vo 10s. 6d. 

— Campaigns ofHannibal, for Studento of Military History, post 870. 7t.6d. 

"Engineering and Science, 

Lowndes's Engineer's Handbook, Second Edition, post 8vo Si. 

The Artisan Club's Treatise on the Steam Engine, Sixth Edition, ito 41s. 

Bourne's Catechism of the Steam Engine, Eleventh Edition, fcp. 9b. 

— Recent Iroprovemente in the Steam Engine, fcp 8s.6d. 

— Handbook ofthe Steam Engine, fcp 9b. 

Galbraith's Manual of the Steam Engine, fcp. sewed, 8s. cloth Ss. id, 

Fairbaim's Useful Information for Engineers, 2 vols, crown 8vo. eadi 10s. Cd. 

— Treatise on Mills and Millwork, 2 vols. 8vo. SSs. 

Moseley's Mechanical Principles of Engineering and Architecture, Sro 24s. 

Popular Astronomy and Navigation. 

The St^ping>Stone to Astronomy, by a Lady, 18mo 1b. 

Read's Popular and Mathematical Astronomy, post 8vo 88.6d. 

Tate's Astronomy and the Use of the Globes, for beginners, 18mo 9d. 

Herschel's Treatise on Astronomy, fcp 8s.M. 

— Outlines of Astronomy, Seventh Edition, 8vo. 18b. 

Oalbraith and Haughtou's Manual of Astronomy, fcp sewed, 28. doth, 28. 6d. 

Arago's Popular Astronomy, translated by Smyth and Grant, 2 vols. 8vo 45b. 

Saxby's Study of Steam and the Marine Engine, po8t8vo 6s. Sd. 

Young's Nautical Dictionary, Second Edition, Plates and Woodcuto, 8vo. 18b. 

Main and Brown on the Marine Steam Engine, 8vo 128. 8d. 

— Indicator and the Dynamometer, with Plate, 8vo. .... is. 6d. 

— Questions on Subjects connected with the Steam Engine, 8vo. 6b. 8d. 
Jeans's Handbook for all the Sters ofthe First and Second Magnitude, rl. 8vo. 88. 8d. 

— Navigation and Nautical Astronomy, 12mo 9s. or in 2 Parts, each 6b. 

Boyd's Manual for Naval Cadets, Third Edition, post 8vo 128. 8d. 

Haughton's Manual ofTides and Tidal Currente, fcp Sg. 

Animal Physiology and the Preservation of Health, 

Shield's Stepping-Stone to Animal and Yegetoble Physiology, 18mo. 1b. 

Girtin's House I Live In, Tenth Edition, Woodcuto, 18mo 2b. 6d. 

Bray's (Mrs.) Physiology for Schools, with Woodcuts, 12mo 1b. 

Howard's Manual of Athletic and Gymnastic Exercises, 16mo 7s. 6d. 

The Book of Health, by Robert J. Mann, M.D. 18mo 9d. 

Marshall's Physiology for Schools and Self-Instruction, crown 8vo Nearly read^. 

Domestic Economy and General Knowledge* 

Sterne's Questions on Generalities, 2 Series, each 2s. Keys each 48. 

Lessons on Houses. Furniture, Food, and Clothing; with Questions. Being 

Vol. II. of the * Instructor,' 18mo Is. 

Domestic Economy, edited by the Rev. G. R. Gleig, M. A. 18mo. 9d, 

Instructions to Young Girls in Household Matters, fcp Is. Sd* 

The Stepping-Stone to Knowledge, by a Mother, 18mo Is, 

Second Series of the Stepping-Stone to General Knowledge, 18mo is. 
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Chronology, 

Book of fhe Calendar, the Months, and the Seasons; with Questions. Being 

Vol. IV. of the • Instructor,' 18mo 2s. 

Conybeare's School Chronology, or the Great Dates of History, square 12mo. . . la. 

Slater's School Chronology, or Sententiae Chronologies, ]2mo Ss. 6d. 

— Coloured Chart of Chronology and History, 68 or mounted 9b. tfd. 

Valpy's Poetical Chronology of Ancient and Englifeh History, 12mo 2s. 6d. 

Howletf s Metrical Chronology, with Notes and Questions, post 8vo Ts. 

Nicolas's Chronology of History from the Earliest Period, fcp Ss. 6d. 

Woodward's Historical and Chronological Encydopeedia In priparation. 



Mythology and Antiquities, 



ELotVb New Pantheon, or Mythology of the Ancients, 18mo 46. 6d. 

Bidi's Illustrated Dictionary of Roman and Greek Antiquities, poet Sro 12s. 6d. 

Becker's CharicUt, or Private Life of the Ancient Greeks, post Svo lOs. 6d. 

Barker's Lempriere's Classical Dictionary, Svo 7s. Gd. 

Cox's Tales £roni Greek Mythology, square 16mo 8s. 6d. 

— Tales of the Gods and Heroes, with 6 Illustrations, fcp. \ 5s. 

— Tales of Thebes and Aigos, fcp 48.6d. 



Biography, 

Glelg'sBookofBiojnraphy, 18mo 9d. 

The Stepping^tone to Biography, by a Mother, 18mo. Is. 

Maander's Biographical Treasury, with Supplement, fcp. lOs. 

British History, 

Outlines of the History of England, for Families and Schools, IBmo Is. 

Turner's Analysisof English and of French History, fcp 2s. 6d. 

The Stepping-stone to English History, by a Mothbb, ISmo Is. 

Qldg's First Book of History— England. 18mo 2s. 

— British Colonies, or Second Book of History, ISmo. 9d. 

— British India, or Third Book of History, 18mo M. 

Historical Questions in Gleig's School Series, 18mo 9d. 

School History of England, abridged fh>m Gleig's Family History, 12mo 0s. 

Anthony's Footsteps to the History of England, fcp 8s. 

Maroet's C<mversations on the History of England, 18mo 5s. 

Farr's School and Family History of England, 12mo 5s. 6d. 

Littlewood's Essentials of English History, fcp 8s. 

Scott's (Sir Walter) History of Scotland, 2 vols. fcp. 7s. 

General History, 

Stafford's Compendium of Universal History, fcp 4s. 

Cooper's Popular History of America, crown 8vo. Ss. 6d. 

Anthony's Footsteps to Modem History, fcp. 5s. 6d. 

— Footsteps to the History of France, fcp 8s. 

Elements of Modern History; with Questions. Being Vol. VII. of 'The 

Instructor,' 18mo 28. 

Elements of Ancient History; with Questions. Being VoL VI. of 'The 

Instructor,' Itoio. Ss. 

Tales, Conversations, and Easy Lessons firom History ; wiUx Questimis. Being 

Vol. I. of • The Instructor,' ISmo ^ 28. 

Keightley'a Outlines of History, from the Earliest Period, fcp. 8s. 6d. 
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The stepping-stone to French History, by a Teacher, ISmo 1b. 

Cot^ajne's Outlines of the History of Finanos. ISmo ls.Sd. 

Crowe's Library History of Franoe, 8vo. ....VoU LllfS. yoLILlfi0.Yol.IIL Us. 
Mannder's Historical Treasury, with a new Index, fiep IQs. 

lffMiffii«ll '« maUviral and JUanftniwin na QiM«tl<iP«^ Igmn. 4B,|d. 

Comer's Questions on the History of Europe, a Se<inel to IfiaDfnialllB. VtauK . . 8a. 

Turner's AniOysis of German History, (!cp ymMtrltfrtadg, 

Keiffhtley's The Crusaders, with Map and WoodcDts, Umo 7a. 

Bell's Historical Sketdies of Feudalism, crown Svo. 8a.td. 

Sewell's Ancient History of Egypt, Aaayria, and Babykmia,fcp. ei. 

OutUnes of Grecian EUstory.fbrFamOies and Schodls»18mo ».»^.. la. 

Hie Stepping<*Stone to Grecian History, by a Teacher, 18mo Is. 

Browne's Htetory of Ancient Greece, in Qleig'8 School Series, 18mo 9d. 

Sewell's First History of Greeee,fcpu Ss.6d. 

Sdmiitz'sSdiool History of Greece, with Map and 187 Woodcuts, Iftno. 7a.(d. 

Cox's Tale of the Great Perdan War, from Herodotus, fep 7s.<d. 

Tajlor'a Student's Manual of Ancient History, post 8to 6s. 

— Student's Manual of Modem History, post 8vo Os. 

Turner's Analysis of the HistcHT of Greece fisp. SB. 

Thiriwall's (Bp.) History of Greece. 8 toLs. fsp. Vignettes, 28b. ; or 8 toIb. 9to» 60s. 
Mnller's Literature of Ancient Greece, by Lewis ft Donaldson, 8 vola. 8vo....36s. 

Mure's Language and Literature of Ancient Greece, 5 Tols. 8vo .6Bs. 

Sewell's Child's First History of Rome, fop 2s. 6d. 

Outlines of Roman History, for Families and Schools, 18mo lOd. 

Parkhnrst's Stepping-Stone to Roman History. ISmo. la. 

Turner's Analysis of Roman History. Third Edition, fcp ...^ 2b. 

Browne's History of Andent Rome, in Gleig's School Seriea, ISmo, M. 

Meriyale's EQstory of the Romans under the Empire, the Cabinet Edition, in 8 

vols. 488. the Library Edition, in 7 toIs. 8vo. with Maps and Index £5. lis. 

— Fall of the Roman Rep(nblie,FburthBdltion, ISmo. 7a.6d. 

Scripture History and BeligiauB Workf, 

The stepping-stone to Bible Knowledge, by a Mother, ISmo la. 

Outlines of Sacred History, to the Fall of Jerusalem, 16mo. 28.6d. 

Gleig's Epitome of Sacred History, 18mo 2b. 

Zomlin's Bible Narrative Chronologically Arranged, 18mo 5b. 

Turner's Pupil Teacher's and Student's Handbook of Scripture, 12mo 2b. 

Holme's Annotations on the Gospel of St. Mark, 12mo. 2b. 

Conybeare and Howson's Life and Epistles of St. Paul, 2 vols, crown 8vo. 18b. 

Elliootf s Commentary on St. Paul's Epistles, Svo. Galatlans, 8b. 6d. Ephedans, 

8e. 6d. Pastoral Epistles. lOs. 6d. Philippluis, Colossians, and ndlemon* 

lOs. 6d. Thessalonians, 78. 6d. 

Whately'8 Paley's Evidences of Christianity, 8vo 9b. 

Potts's Paley's Evidences of Christianity and Bxtm Paulinse, 8vo 108.6d. 

Browne's Exposition of the Thirty-Nine Articles, 8vo 16b. 

Gorle's Examination Questions on the above, fbp SB. 6d. 

Ajre's Treasury of Bible Knowledge, fcp ...itetAejiwiiss. 

Riddle's Manual of the Whole Scripture History, fep 4m, 

-> Outlines of Scripture History, ftpw 2a.6d. 

— First Sundays at ChunA, fcp 8b.6d. 

Titcombe's Bible Studies, crown 8vo 8b. 6d. 

Home's Introduction to the Holy Scriptures, 4 vols. 8vo. « TSa. 6d. 

— Compendious Introduction to the Bible, post 8vo 9b. 

Humphry's Commentary on the Acts of the Apostles, 8vo 5s. 

Cook's Commentary on the Acts of the Apostles, post Svo. 5s. 

Introclnctory Lessous'on Christian Evidences, 18mo. 6d. 
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S«well'8lfigbt Lessons iirom Scripture, S2mo Sb* 

~^, Self-Examination before ConfinDAtian» 3teio. , IttBd. 

— Beadings for a MoiillLPrepsuaiitory^to.Ckm&nnAtioQ,'jrqpp 4«. 

-» Prepaiatjoiii for .the Holy;CorninnBton».82mo. 8ib 

— » ReaiUngs for Lent»iroxathe.Writings .of Jeremy Taylor, fq;>. 58. 

.— ^ History ofthejBadyGliiuffh, to tbaCoaooU of I{icaa,fiq>* 48.6d. 

Menial and Mbral Philosophy, 

UUTs System of Logic, Ratiocinatlve and IndnctiTe* 2 Yoltu 8vo. 259. 

StebUng's Analysis of Mill's By stem 4>fLogio«12mo. Sa.dd. 

Shedden's Elements of Logic, Itcao, 48i 6d. 

niomson's (Archbisbop) OutUne of the Neeeaeaiy Lava of Thoufi^t; poet^o. 58. 6d. 
Baoonf a Essays, with A nnntatjona, by R. .Wlaitely, J) ja. Svo.. l<to.6d. 

— — withNote8»byT^ Marktay.M;A«.fop.. ls.6d. 

" Advancement of Leanuog,withNote8iiqr.T.JMjHrkby«Ji[.A*fep.i 28. 

Whately 'b Elements of Logic, 8ve. lOsb j6d j orown Bvo; 4s. 6d. 

— Elements of Rh0torie,8vt>. 10B«.6d. crown-8vo 4s.6d. 

Morell's Handbook of Logic, for Sehoola4uid.IeaehW8t Usq 28. 

— Introduction to Mental Philosophyi Svo 1 28. 

Fichto'B Mental Philosophy, translated by J. D. Mo»^ M JU fcp*.« 5s. 

HonkU'B Elements of Psychology, .Part L. post Sto 71. 6d. 

Civil Law and Political. 8cietm&» 

Bldi and Poor, by Jane Marcet,18mo , ...It* 

Haroet'8 Willy's Ck)nTer8ation8 on Government, I8mo. 2i. 

— (Tonyersations on Political Economy, fcpu 70.6d« 

Hamphreys'a Manual of British Government in India, fcp 28. 6d. 

Twiaa's Law of Nations as Independent (Communities, 2 vols. 8vo... .80b. 

Sandars'a Institutes of Jnstiniaa. with TranslatiQn.aad NMea. 8vo. 158. 

Prindplea. of Teaching, §rc» 

Sewelfs Principles of Education, 2 vols. fcp. 8vo 128. 6d. 

Fortescne (Earl) on Public Schools for the Middle Classes, 8vo. 4846d . 

TUte on the PhiloBophy of Education, fcp 6e.Jd. 

Banmer'sLifeandSyBtemofPestalozzi.by J.Tilleard,8vo 8a« 

Robinson's Manual of Method and Organisation, fcp 6ftr4M[. 

Gill's Text-Book ofMethod and School Management, fcp 2B^6d. 

Sullivan's Papers on Education and Sehool-fKeeping, 12qk>. 2bj 

Potts'B Liber Cantabrigiensis, 2 vols. fop. eaeh 4b. 6d. 

Pycroft'8 Course of English Beading, Fourth Edition, fcp 5s. 

Arnold's Manual of English Literature, post 8to. lOs. 6d. 

Lake's Book of Oral Object Lessons on Common Things, 18mo Is. 6d. 

Hall's Guide to the Three Senrices, Civil, Naval».andJ&ilitaiy. Isp 8a« 6d. 

The Greek Language, . 

Kennedy's Greek Grammar, Sixth Edition, 12mo 48i0d; 

—• Paleestra Musarmn, or Materials for Oreek Ydrae, 12mo. 5b. 6d. 

— Shrewsbury Greek Verses, Second Edition^ 8vo 8s. 

MU1ot*b Elementary^reek Syntax I^^heprtn. 

Gollia'B Pontes Gla8sioi,N6. II; Greek, 12mo 88.6d. 

— > PonticulusGreecus, to accompany, the aboYe^8quare'12nK>. 1b» 

— PraxiB GrsBca, Pabt'I. Etymology, 28. 6d. Pab* il; Syntar to« 

— Greek Accentuation, Past III; of Praxis Gr»eail2mo 3b» 

— Exercises in Greek Tragic Senarii, 12mo 4s. 6d. 

— Chief Tenses of the Gre^ and Latin Irregular Verbs . . eaeh CoUeotion is. 
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Walford'f ProgrecslTe Exerdae* in Greek I aimbio Verse, ISmo Ifearlp r0aiif, 

Donaldson's New CratyluB, Third Edition, 8ro SOs. 

Edwards's First Greek Reader, from Jacobs, Serenth Edition, fcp 4s. 

\7Ilkins's Maaoal of Greek Prose Composition, crown 8vo. 7b. 6d. Key ts. 6d. 

— Exercises in Greek Prose Composition, crown 8vo. 48. 6d. Key 28. td. 

— Progressive Greek Delectus, Sixth Edition, Itmo. 48. Key 28. Cd. 

Minor's Elementary Praxis of Greek Composition, 12mo. Ss. 6d. 

Wilkins's Progressive Greek Anthology, Third Edition, 12mo 5s. 

Yalpy's ElemenU of Greek Grammar, New Edition, 8vo 68. 6d. 

— Greek Delectus, improved by White, limo. 48. Key 28. 6d. 

Hall's Principal Roote of the Greek Toninie,12mo. 58. 

Tonge's Larger English-Greek Lexicon, Sixth Edition, 4to 2U. 

— Smaller or abridged English-Greek Lexicon, sqoare limo 88. M. 

Liddell and Scott's Larger Greek-English Lexicon, crown 4to, Sis. <d. 

— — — Smaller or abridged Greek-English Lexicon, square ISmo.. . 7s. 6d. 
Webster and Wilkinson's Greek Testament, 2 vols. 8vo 448; 

Vol. I. the Four Gospels and Acts of the Apostles, 20b. 

Vol. II. the Epistles and the Apocalypse, 24s. 

Bloomfteld's College and School Greek Testament, fcp 7s. 6d. 

— Lexicon to the Greek Testament, Third Edition, fcp 7s.6d« 

— Larger Greek Testament, with English Notes, 2 vols. 8vo 488. 

Robinson's Greek and English Lexicon of the New Testament, 8vo ISs. 

Wilkins's Scriptores Attici, Passages from Greek Prose Writers, postSvo. Nearly ready, 

— > OiynthiacsofDemosthenes, with Notes, crown 8vo 4s. 6d. 

Grant's Ethics of Aristotle, New Edition, 2 vols. 8vo Jutt ready, 

Congreve's Politics of Aristotle, with Notes, 8vo 16s. 

Major's Anthon's Homer's Iliad, Books I. to III. with Notes, &c. 12mo 48. 6d. 

— Alcestis, Hecuba, Medea, Orestes, and PhcBnissa of Euripidee, witJi 
English Notes, ftc eadi Play Ss. 

Linwood's Sophoelis Tragoedise Superstites, 8vo 168. 

Sophoclis (Edipiu Rex, (Edipu$ ColonetUt and Antiffone, by Dr. Brasse, 5b. each 

Philootetett by G. Barges, 5s. Ajax and Electra, by Yalpy each 5s. 

Conington's Agamemnon of ^schylus, translated with Notes, 8vo, 7b. 6d. 

Hickie's Xenophon's Anabasis, Books I. and II. with English Notes, fcp 88.6d. 

Isbister's Xenophon's Anabasis, Books I. to III. with Notes, 12mo Nearly ready. 

Major's Bxcerpta ex Xenophontis Cyropsdia, 12mo 3a. 6d. 

White's Xenophon's Expe<Utioa of Cyrus, with English Notes, 12mo 78. 6d. 

Sheppard and Evans's English Notes on Thucydides, crown 8vo Ss. 

Hickie's Xenophon's Memorabilia of Socrates, with Notes, post 8vo 88. 6d. 

Mejor's Excerpta ex Herodoto, for King's College School, fcp 48. 6d. 

Parry's Reges et HeroeB^Tales from Herodotus, crown 8vo 38. 6d. 

The Latin Language, 

White and Riddle's Larger Latin-English Dictionary, royal 8vo 42b, 

— — — Latin-English Dictionary abridged, medium 8vo 18b. 

— Junior Latin-English Dictionary, square post 8vo Nearly ready. 

Riddle's Diamond Latin-English Dictionary, 32mo 28. 6d. 

— Complete Latin-English and English-Latin Dictionary, 8vo 2l8. 

Separately— English-Latin Dictionary, 78. Latin-English Dictionary, ISs. 

— Young Scholar's Lat.-Eng. and Eng.-Lat. Dictionary, square 12mo. . . lOs. 6d, 
Separately— Latin-English Dictionary, 6s. English^Latin Dictionary, 58. 

lUddle and Arnold's English-Latin Lexicon, 8vo 258. 

Ebden's English-Latin Dictionary, abridged from the above, square post 8vo. 108.6d. 
Kennedy's Elementary Grammar of the Latin Language, 12mo Ss. 6d. 

— Child's Latin Primer, or First Lessons, ISmo 28. 

•• Latin YocabuLory, on Etymological Principles, 12mo. , . 88« 
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Kennedy's First Latin Reading^Book, Tirocininm Latinom, 12m o 28. 

— Second Latin Beadingr'Book, Palestra Latina, 12mo. 58. 

— Palestra Stili Latini, Materials for Latin Prose, 12mo 68. 

— Carricnlam Stili Latini, for Practice in Latin Prose. 48. Od. Key . . 7s. 6d. 
Moody's New Eton Latin Grammar, with the Quantity, I2mo. 2s. 6d. Accidence, Is. 

Pyeroft's Latin Grammar Practice, 12mo 28. 6d. 

Collis's Pontes Classici, No. I. Latin Grammar, 12mo. 88. 6d. 

— Ponticnlas Latinns, to accompany the above, square 12mo la. 

— Praxis Latina. I. for Beginners, 28. 6d. II. for Advanced Students .... Ss. 

Hi^Ior's Latin Exercises for King's Ck)llege School, fcp 2s. 8d. 

Hamilton's Analytical Latin Grammar for Schools, post 8vo. Ss. 6d« 

Miller's Elementary Latin Grammar for Schools, fcp 5s. 

— Smaller Latin Grammar, abridged from the above, 12mo 26. 6d. 

Hall's Principal Roots and Derivatives of the Latin Language, 12mo 4s. 6d. 

White's Latin Suffixes, post 8vo 5$. 

Donaldson's Varronianus, or Introduction to Latin, 8vo 16s. 

Zumpt's Larger Latin Grammar, translated by Dr. L. Schmitz, 8vo 14s. 

Walford's Progressive Exercises in Latin Prose, 12mo 28. 6d. 

Bradley's (Continuous Lessons in Latin Prose, 12mo 6s. Key 58. 6d. 

— Latin Prose Exercises, from Cesar, Cicero, and Livy. . . .Ss. 6d. Key 58. 

Minor's Passages from the Spectator, for Translation into Latin, 12mo Ss. 6d. 

Wilkins's Manual of Latin Prose Composition, crown 8vo 5s. Key Ss. 6d. 

— Elementary Latin Prose Exercises, 12mo 4s. 6d. Key 5s. 

— Notesfor Latin Lyrics (Harrow, Westminster, and Rugby) 12mo. .. 4s. 6d. 

— LatinAnthology, for the Junior and Middle Classes, 12mo 48. 6d. 

Hil^'8 Elements of Latin Grammar, 12mo 8s. 

— First Progressive Latin Exercises, 12mo l8.6d. 

Valpsr's Elements of Latin Grammar, 12mo 26. 6d. 

— Latin Delectus, improved by White, 12mo 28. 6d. Key Ss. 6d. 

White's Pr<^res8ive Latin Reader, to follow the above, 12mo 8s.6d. 

— Latin Grammar complete, 2s. 6d. or in Three Parts, Accidence, Is. 

Eton Grammar, Is. 9d. Second Grammar Is. 6d. 
Tonge's New Latin Gradus, containing every word of good authority, po8t8vo. ISs. 

— Dictionary of Latin Epithets Classified, post 8vo SB.6d» 

Rapier's Composition of Latin Verse by Arnold, 12mo 8s.6d. Key 28. 6d. 

Walford's Exercises in Latin Elegiac Verse 28. 6d. Key 58. 

'- — Second Series of Exercises in Latin Elegiac Verse. . 28.6d« 

Edwards's Progressive Exerdses in Latin Lyrics, 12mo Ss. 

Yonge's School Horace, I. Odes and Epodes, 48. 6d. II. Satires and Epistles. . Ss. 6d» 

Girdlestone and Osborne's Edition of Horace, 12mo 7s. 6d» 

Kennedy's School Edition of the Works of Virgil Ntarlv ttady, 

Virgil's JEneid, Books I. II. and III. with Notes by Dr. Kenny .... each Book Is. 

Minor's Anthon's £neid of Virgil, >vith English Notes, fcp 58. 

Pyeroft's Viiigil, with References and Notes, 12mo. 7s. 6d. without Notes Ss. 6d. 

Valpy'8 Virgil, with English Notes, 18mo 78. 6d. without Notes Ss. 6d. 

Bradley's Troy Taken, iKneid Book II. with Notes, fcp 28. 6d 

Parry's Origines Romane, Tales from Livy, with Notes, crown 8vo 48. 

Bradley's Cornelius Nepos, improved by White, 12mo Ss. 6d. 

— Eutropius, with English Notes, improved by White, 12mo 28. 6d. 

— Fables of Phedrus, with English Notes, improved by White, 12mo.. . 2s. 6d. 
-> Selections from Ovid's Metamorphoses, improved by White, 12mo.. . 4e. 6d. 

Valpy's Eton Selection from Ovid and TibuUus, with English Notes, 12mo 48. 6d. 

Isbister's Cesar, De Bello Gallico, I.— V. with Notes, &c. 12mo Ss. 6d. 

Kenny's Book I. of Cesar's Commentaries, with Notes, ISmo Is. 

Hickie's First Five Books of Livy, with English Notes, post 8vo Ss. 6d. 

White's Germania and Agricola of Tacitus, with Notes, 12mo 48. 6d. 

— Cicero's Cato Major and Lelius, with Notes, 12mo 88. 6d« 

Hickie's Edition of Terence's Plays by Reinhardt, with English Notes, 12mo. . 9s. 6d. 
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Sadler's St«ppiiifl4ltaQ« to Franeh Prooonolatloo'ancl GanYtMMttoii, nmo U. 

Tanrcr'e D^htttdana LTStods de la-Langae Frm^i^Be, m ii wu 8«). <a;«dL 

— New French Beading-Book, LeContoar.oroimdvo ■'4a<M. 

Hamal's French Oraminar and Ezarei8M,b!f Lambert, 12mo.ia,6d. ^fiiqr^. 

CiontaiiaeaQ' a Practieal Fresfch and EngUah DielioiiaTy , post 8vo 108.4(L 

PartI.FfBiMb>Bii^iah,58.6d. FartII..Iki8U8h<»Fren^'i8.ad. 

— — New Pocket FrenchandSngUah Diotionary, atioaia 18ou> Si. 

— PremiteesLeotorea, Freaoh^torieafiortheYoang.lteiQ. Sa;6d. 

^ First Step in French, or -Method of Learning the-ElemMitaa Itao.'tead. 

— French OiMMmar, Sfarth Edition, rmnortnMail, Iftng Sa. 

BSqr to the Exerdiea in Contanaeaa'a ' First Step' and 'VvMioh Ofatmmar,^ Itmo ts. 
C!onta»sean*s jGKdde to French Translation, ISmo J9i^ fld. Key Iii6d. 

" Prosateors et PoMea Fran^ais, Chn»okxgieaU7<amui0adv 18no. . -^attd. 

— Pr«ciade]ALitttoitareFran9ake,Umo ta. 

— Abr4gtfdel'Hi8toiredeFraiMe,totkeYear]mo,'Umo "ia^fl 

Cottia's Tivoclniiim Gallicom, or Frendt Snnnmar for Claasieal SehoolSy Iteao. aatU. 

— Botmttwa GdtUoat the Qoestioofl and Basroiaea from, the <rit»Te le.6d. 

Bnaaaenr's Exerdiea on Frandk Phraseology, fop. Sat/Cd* 

Waitea' OoUoqaial Exercises on French Idioms, Ibp.... -flawM. 

Albitea''Howto;8peak French, Seventh Edition, reviaedf^ftp. 6a.6d. 

~ InstantaneooB French Bxwdses, fop 2s. Kqr Ss. 

YantMiUao's Frendi F«etry,'wtth Bngliah NotesiKmo 9B. 

SewelVs Ciontes Faoiles, Stories for the use of Little Girls, erown-Sro Sa. Od. 

— Extraits Choisis des Anteurs Modemea, for Tonng Ladiea'-Schoola, 8fo Sa. 

SfiSveaard's Lectures Frangaiaes, from Modem Frendk Anthora, Umo <4liiad. 

De Peix-Tyrera anmmar of Household' Words, Freneh4uid Wni^iah, Umo. ... 4b. 6d. 

Germottf ItaUan^ and Hebrew, 

Wintier'sTirBt German Book for Beginners, fop. Sa.6d. 

De Poix-Tyrel's Household Words, Eng^sh, German, Frenchriu^ Italian . . . .lOa. 6d. 

— Grammar of Household Words, German and English, 12mo... 4a»8d. 

Bemays* Compendious German Grammar, fop 8a. Sd. 

— German Exercises, fcp Sa.6d. 

— Schiller'a Mary Stuart, 2s. Maid of Orleans, 28. WmiamTell...... .Ss. 

Juki's New German Beading Book, with complete Vocabulary, 12mo. Sa»6d. 

Kalisch's Hebrew Grammar, with Exeroiees. Parts I. «nd II. price ISa. 6d. 

each} and Key to the Exercises in Part I. price '8«. 

Bladdey and Friedlander's Practical Cterman Dictionary 



Hindustani and SatuifriL 

Mather's Glossary, Hi ndn rt ani and English, to the New Testamentand PaABa/Ta. 
Max Mailer's Book I. of the Hitopadesa, with Translation, 7a. 6d. Tsacton]y,Sa..6d. 

» Bookll.III. andIV.ofthesame^7s.6d.Taxton]y 8s.8d. 

— Sanakxit Grammar for Beginners Nmrtprta^, 

PteliBeaorBenfey'BBanskrit-Enfi^iah Dictionary iKtk§pnm, 



0> The School' Booka, Atlases, Maps, &c. oemprieed In thoe Genenl 
lifts, are more folly described, under the preeent 6hi88fileation, to'Meifn. 
LoNOMA N and Co.'s Catalogue of Sehool-Bookf, 4to.i>p. 98, Which may be bad 
gonitis or will be forwarded free of postage on appUcation. 
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